FLAT ALMOST COMPLEX SURFACES IN S3 x §3

BART DIOOS, HAIZHONG LI, HUI MA, AND LUC VRANCKEN

ABSTRACT. We prove a Bonnet-type existence and uniqueness theorem for almost complex
surfaces in the nearly Kéhler manifold S3 x S3. The proof uses a local correspondence between
almost complex surfaces in S% x S and surfaces in R3 that satisfy the Wente H-equation.
Furthermore we give a complete classification of flat almost complex surfaces.

1. INTRODUCTION

Nearly Kéhler manifolds are almost Hermitian manifolds, with almost complex structure J,
for which the tensor field G = VJ is skew-symmetric. A nearly K&hler manifold is called strict
nearly Kéhler if furthermore VxJ # 0 for every non-zero vector X. In particular, the almost
complex structure of a strict nearly Kéhler manifold is non-integrable and its fundamental 2-form
is non-closed, in contrast with Kéhler manifolds. They arise naturally as one to the sixteen Gray-
Hervella classes of of almost Hermitian manifolds [?]. Probably the most known and simplest
example of a nearly Kéahler manifold is the 6-dimensional sphere, whose almost complex structure
J can be defined in terms of the vector cross product on R7. In recent work of Butruille [?] it was
proven that the only homogeneous 6-dimensional nearly Kihler manifolds are S | S3 x §3, CP?
and the flag manifold SU(3)/U(1) x U(1). These spaces are compact 3-symmetric spaces and
they are the only known compact nearly Kéhler manifolds in dimension 6.

A natural class of submanifolds of nearly Kahler manifolds are the almost complex submani-
folds, also known as pseudoholomorphic curves. Almost complex submanifolds are submanifolds
for which J sends tangent vectors on tangent one. Podesta and Spiro [?] proved that strict nearly
Ké&hler manifolds of dimension 6 do not admit any 4-dimensional almost complex submanifolds.
This fact was already proven by Gray for the nearly Kihler S¢ ([?]). Hence the only almost
complex submanifolds are surfaces. Almost complex surfaces in the nearly Kihler manifold S°
have been extensively studied by many authors (see e.g. [?], [?], [?], [?], [?], [?]) and more recently
Xu [?] studied these surfaces in the nearly Kihler CP3.

Almost complex surfaces in S® x S% were first studied in [?]. In this study an almost product
structure P plays an important role. If M is an almost complex surface in S% x §% with metric g
and complex coordinate z on M, then Adz? = g(Pd,,0.)dz? defines a holomorphic quadratic
differential on the surface. There is a local correspondence between almost complex surfaces
in $3 x 83 and surfaces X in R? satisfying the Wente H-equation ([?])

4
qu + X’U’U = _%Xu X XU'

The holomorphic differential A dz? on M vanishes if and only if the coordinate z = u + v
is conformal on the H-surface X, that is, |X,| = |X,| and (X,,X,) = 0. (Note that z is
a conformal coordinate for the almost complex surface but it is not necessarily conformal for
the associated H-surface.) In particular if A dz? vanishes on the almost complex surface, the
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corresponding Wente H-surface is a surface of constant mean curvature (Theorem 3.10 in [?]).
Using this fact and a well-known theorem of H. Hopf on constant mean curvature surfaces in R?
it was then proven that almost complex 2-spheres in S3 x S2 are totally geodesic.

Now the main results of the present paper can be stated. Firstly, we have the following
Bonnet-type existence and uniqueness theorems for almost complex surfaces in S x S3.

Theorem 1.1. Let U C R? be a simply connected open set and z a complex coordinate on U.
Suppose we have a metric g and two functions w: U — R and p: U — C such that g(0,,05) = e*
and w > 0. Moreover suppose that w and p satisfy

—w

e 4 .
(1) Wyz = 2sinhw|wz‘2 + gsmhw(l — u?),
2) = W s

2sinh w
Then there is an almost complex immersion ¢: U — 83 x 83 with A = 1 and with an adapted
frame -
0,0z, N,N,G(0,, Pd;),G(0s, PJ,)
such that its second fundamental form h(9,,0,) is
h(D.,d.) = %N + uG(ds, PO,).
Moreover, two such almost complex immersions are the same up to an isometry of S x S3.

Theorem 1.2. Let U C R? be a simply connected open set and z a complex coordinate on U.
Suppose we have a metric g and two functionsw: U — R and p: U — C such that g(0,,0;) = e*
Moreover suppose that w and p satisfy the equations
2
Wzz = §€W(|N|2 - 1),
Hz = —Wz [l
Then there is an almost complex immersion ¢: U — S3 x S3 with vanishing differential A dz>
and an adapted frame 9,0z, PO,, POz, G(0,, POz), G(0z, PO,) such that the second fundamental
form is

h(0,,0,) = pG(0s, PJ,).

Moreover, two such almost complex immersions are the same up to an isometry of S x S3.

It is interesting to note that the equations in Theorem can be rewritten, by choosing a
suitable coordinate z, as the sinh-Gordon equation w,s + %sinhw = 0. This is in accordance
with the correspondence between almost complex surfaces with vanishing holomorphic differential
A dz? and constant mean curvature surfaces in R® (Theorem 3.10 in [?]).

Secondly we obtain a complete classification of flat almost complex surfaces in S x S3, which
consists of a 2-parameter family of flat almost complex surfaces. Precisely, we prove

Theorem 1.3. Any flat almost complex surface in 53 X 53 must be an open part of the following
2-parameter family of homogenous tori f(u,v) u,v)) with

1+a

u,v
u 1} 1(clu+ch) [- " 1- 1(03u+('4v)
’LL U [T Y 1 + 1(b1u+b2v) /

where * denotes the quaternion multzplzcatwn (a, , 1 [x]—1,1[ and ¢1, 2, 3, C4, b1, ba, b3, by
are constants determined by a,b (see (44] .)

and

b3u+b4v * Z



FLAT ALMOST COMPLEX SURFACES IN S§% x §3 3

We conclude the introduction with an outline of the article. In Section ] we set notations
and recall the basic properties of the nearly Kihler structure on 52 x S3. We discuss the nearly
Kahler structure, the almost product structure P and their relation to S x 83 equipped with
the canonical product metric structure. In Section [3] we provide some properties on almost
complex surfaces and recall the the correspondence between almost complex surfaces in S3 x S3
and solutions of the Wente H-equation. In Section [4] we introduce the adapted frame on almost
complex surfaces in S® x S% and discuss its existence. In the final two sections we prove our
results stated above.

2. THE NEARLY KAHLER S° x S°

The 4-dimensional Euclidean space R* can naturally be identified to the set of quaternions.
The 3-sphere S? then is the set of all unit quaternions. The vector fields given by X;(p) = pi,
Xo(p) = pj and X3(p) = pk at p € S3, where i, j, k are the standard basis of unit quaternions,
form a basis of tangent vector fields. Therefore any tangent vector in 7,5 can be expressed
as pa where « is an imaginary quaternion. In particular, if X € 7},5%, then ¢gp~'X is a vector
in T,,53.

We identify T(, q) (83 x §3) with T,,S% & T,53 to write a tangent vector at (p,q) as Z(p,q) =
(U(p, q),V(p, q)) or just Z = (U, V). The almost complex structure J on S x S? is given by

1
V3
for a vector Z in T, 4 (S® x S%) (see [?]); it is straightforward to check that J* = —Id. The

nearly Kihler metric g on S® x S% is then defined as the Hermitian metric associated to the
standard Euclidean product metric:

1

TZ(pq) = —= (2pa7'V — U, ~2qp~'U + V)

g(sz/): (<27Z/>+<JZ3JZ/>)

(.0 + (V,V) = 2 (7 0V + 70,7 V))
In the first equation (-, -) stands for the product metric on S x S% and in the second one it stands
for the Euclidean metric on S3. By definition J is compatible with g: g(JZ,JZ") = g(Z,2").
The metric g only differs up to a constant factor from the one introduced in [?]. In [?] the factor
was chosen such that the standard basis on S% x S® has unit volume. Here and in [?] we have
chosen the factor % for the sake of simplicity. We mention that the isometries of (S® x S3, g) are
given by

W o

F: 8% x8% = 8%%x8%: (p,q) = (apc™t,bgc™),

where a, b and c¢ are unit quaternions.

We write the Levi-Civita connection of (S® x S3,g) as V and the tensor field V.J as G.
Endowed with the almost Hermitian structure (g, J), S x S? is nearly Kéhler, which means that
the tensor field G is skew-symmetric. The following properties can be deduced from the nearly
Kahler property.

(3) GX,Y)+G(Y,X) =0,
(4) G(X,JY) + JG(X,Y) =0,
(5) 9(G(X,Y),Z)+9(G(X,Z),Y) = 0.

The almost product structure P on S3 x S2 is an endomorphism defined by

PZ = (pg~'V,qp~'U).
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If U = pa and V = ¢f, then PZ = (pf, qa). The almost product structure can be interpreted
in the following way. We start with the vector (U,V) at (p,q). First left translate it to the
point (1,1) to get the vector (p~U,q V). Next we switch the components and finally we left
translate this vector back to the point (p,q) and we obtain (pg~'V, gp~1U). It is straightforward
to show that

(6) P? =1d, PJ=—JP, g(PZ,PZ') =g(Z,7)).

Thus P is also symmetric with respect to g. The tensor field VP does not vanish identically,
so P is not a product structure, but it satisfies the following properties.

Lemma 2.1. For tangent vectors X, Y € T(S3 x S3) one has

(7) PG(X,Y) + G(PX,PY) =0,
(8) G(X,PY)+ PG(X,Y) = —2J(VxP)Y,
(9) (VxP)JY = J(VxP)Y.

The Riemann curvature tensor R on (S x 83, ¢g) is given by
- 5

R(X.Y)Z = 5 (9(Y. 2)X —g(X, 2)Y)
+ L (9(JY, 2)JX — g(JX, Z)JY —29(JX,Y)JZ)
(10) 12

1
+ g(g(PY, Z)PX — g(PX,Z)PY
+g(JPY,Z)JPX — g(JPX,Z)JPY),

and from this one can show that the tensors VG and G satisfy

() (VG)(X, Y, 2) = 59X, 2)IY = g(X,Y)JZ — g(JY, 2)X),
9(GXY),GIZ,W)) = 3 (90X, 2)g(¥, ) — g(X, W)g(¥, 2)

(12) +9(JX, Z)g(IW,Y) — g(JX,W)g(JZ,Y)),

(13) G(X,G(Y, Z)) = %(Q(X, 2)Y —g( X, Y)Z +g(JX,2)JY — g(JX, Y)JZ).

In particular, it follows that S® x S3 is of constant type 1/3 ([?]). We note that similar expressions
hold on any 6-dimensional strictly nearly Kéhler manifold.

Now we will give the relation between the geometry of the nearly Kihler manifold (S% x S3, g)
and the product manifold (S x S3, (-,-)) endowed with the Euclidean product metric (-,-). The
equations in this paragraph will be used in Section [6.2

The almost product structure P can be expressed in terms of the usual product structure QZ =
Q(U, V)= (-U,V) and vice versa:

(14) QZ=—(2PJZ - JZ),

5l

(15) PZ = _(Z-3QJZ).

N =

Using these equations the Euclidean metric (-, -) can be expressed in terms of g and P:

(16) (2.2) = 2(9(2,2) + 9(Q7,Q2")) = (2. 7') + 592, PZ),
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and consequently

(17) (2,Q27') = ég(z, PJZ").

We can now show the relation between the Levi-Civita connections V of g and VZ of the
Euclidean product metric (-,-) on S3 x S3.

Lemma 2.2. The relation between the nearly Kdhler connections V and the Euclidean connec-
tion VE is

(18) VEY =VxY + = (JG(X PY)+ JG(Y, PX)).

Proof It is easy to check that the right hand side of ( defines a connection and we denote

it by V. The connection V is symmetric, since 5 (JG(X PY) + JG(Y, PX)) is symmetric. We

now only have to show that V is compatible with the Euclidean metric (-,-). Equations (@),
and give
(VxY,Z)+ (VxZ,Y)
= g(VxY,Z) +9(VxZ,Y)
+ = (9(VxY,PZ) + g(VxZ,PY) + g(JG(X,PY), Z)
+9(JG(Y,PX),Z) + g(JG(X,PZ),Y) + g(JG(Z, PX),Y))
+ i(g(JG(PX, Y),Z)+g(JG(PY,X), Z)
+9(JG(PX,Z2),Y) + g(JG(PZ,X),Y))
= Xg(Y,Z) + %(g(@XY, PZ)+g(VxZ,PY))

+ i(g(JG(X, PY),Z)+g(JG(X,PZ),Y)),
and then by and we obtain
(VxV.2) + (Ox2,Y) = Xg¥.2) + 3 (9(VxY, PZ) + g(Vx Z, PY)
+9(VxPY,Z) - g(VxY, PZ))
= Xg(¥,7) + 5 Xg(PY, 2)
= X(Y,2).
This finishes the proof of the lemma. (]

Remark. Using this lemma and (| one can show that (VEQ)Y = 0 implies equation @
and vice versa. In this sense P really is the “nearly Kéahler analogue” of the Euclidean product
structure Q.

3. ALMOST COMPLEX SURFACES IN % x S3

An almost complex submanifold M in a nearly Kihler manifold M is a submanifold such
that J maps tangent vectors to tangent vectors, i.e., the tangent bundle TM is J-invariant.
Consequently J maps normal vectors on normal ones. It was proven by Podesta and Spiro
that 6-dimensional strictly nearly Kéhler manifolds do not admit 4-dimensional almost complex
submanifolds [?], hence the almost complex submanifolds of S3 x S are surfaces.
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Denote the Levi-Civita connection on M by V and the normal connection on the normal
bundle T+ M by V+. The Gauss and Weingarten formulas and the basic properties of G imply

(19) VxJX = JVxX, h(X,JY) = Jh(X,Y),
(20) AjeX = JAX = —A¢JX, G(X,&) = VxJE — JV%E,

for X, Y € TM and ¢ € T+M, where h denotes the second fundamental form and A denotes
the shape operator (see e.g. [?] or [?]). Hence M is minimal and nearly Kéhler. Furthermore,
since M is an almost complex surface, the tangent space is spanned by a unit vector X and
JX. Hence V.J vanishes on M, so M is in fact Kéhler. So if X,Y are tangent vectors on
an almost complex surface in S® x S3, then G(X,Y) = 0 and thus equation simplifies to
(VxP)Y = L JG(X, PY).

Next we recall the correspondence theorem from [?]. Let ¢: M — S% x S3: (u,v)
(p(u, v),q(u,v)) be an almost complex surface, where z = u + v are isothermal coordinates
on M. We may assume that ¢, = J¢, by interchanging w and v, if necessary. Furthermore, as
p and ¢ are maps into S3, there are well defined local functions &, 3, 4 and 6 from M to ImH
such that

(21) Pu =D&,  py = Db, qu = 47, ¢ = 0.
Then ¢, = Jo, gives

V3. o1 < 1= 3
22 ¥ = — —& 0=—-08— —a.
(22) 7=58+354, 58— 5a
The integrability conditions py, = pyw and Guy = Gue Written in terms of & and B become
(23) Gy — By = 26 x 3, G+ By = —=a x 3.

V3

Setting o = cos fa +sin 03 and 8 = — sin 0+ cos 03 with 6 = 27 /3, these two equations become

(24) o = Bu, tu + By = —%a « .

Assume now that we are working on a simply connected neighborhood. Then any closed
1-form is exact and hence there exists a R3-valued function X such that X, = o, X, = 8 and

4
25 Xyu + Xopp = ——=Xu X X,
(25) 7
This equation is known as the H-surface equation (cf. [?]). The correspondence theorem can
now be formulated as

Theorem 3.1. There is locally a one-to-one correspondence between almost complex surfaces
in S3x 83 and solutions of the general H-system equation. Moreover, two solutions are congruent
in R? if and only if the associated solutions in S3 x S3 are congruent.

On an almost complex surface, a quadratic differential A dz? is defined by g(Pé¢., ¢.) dz%. The
Cauchy-Riemann-like equations imply that A dz2 is a holomorphic differential. In Section
we show this fact using a straightforward calculation (Lemma .

4. AN ADAPTED FRAME FOR ALMOST COMPLEX SURFACES

Consider an almost complex surface M in S3 x S% and let z = u+ v be a complex coordinate
on M. We will define a suitable frame adapted to the almost complex surface M in terms of
the almost complex product structure P and the tensor field G = V.J. This frame will be used
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to prove the existence and uniqueness theorems (Theorem and in the next section. The
frame can only be defined at points where a certain condition is satisfied.
Define 0, = %(m —140,) and 05 = %(au +140,) as usual. Then the metric g on the surface M
is given by
g(azaGZ):g(ai785):Ov g(8z785):€w,
for some local function w. It follows from the well-known Koszul formula that the Levi-Civita
connection on the surface is

Vazag = Vaiaz = 0, Vazaz = wzaz, Vagag = 0.)585.

The Gauss curvature is K = —e “w,> and the minimality of M implies that h(d,,0s) = 0. We
will write A = g(P9,,d,). Moreover

9(P0.,8z) = < (9(POu,8u) + g(PDy,8y))

(9(P8y,0,) — g(J POy, Jdy,))

O | = | =

From this it follows that
PO, =e “A0s + N, PO; =e “AD, + N,

where N is the normal part of PJ,. The almost product structure P preserves the metric, so
g(P09,, Pd,) =0 and g(PJ,, POs) = e*, which gives

(26) g(N7N):O7 g(N7N):ew_|A|2e_w
The vectors G(9,, P0;) and G(0z, PJ.) are orthogonal to 9, J;, PJ, and POz, which is easily
seen using equation , and thus they are also orthogonal to N and N. Writing out G(9,, Pd,)
and using 0, = JO, and the basic properties of G and P, one gets
1 .
G(9,,P0,) = E(G((‘)u,Pau) — G((‘)U,Pav)) — i(G(@u,P&,) + G(@v,P8u))

_ i(G(a“’ PO,) = G(0u, POL)) + £ (G(0u, TPO,) — G(J0,, POL))
= 07
and a similar calculation gives

(0., PO,) = %(G(&u, PO,) +iG(04, PI,)).
From equation we get

(27) 9(C(0., PD2), G(0:, PO.)) = 2(e* — |AP)
and
(28) §(G0-, PD:), G(0, PO:) = 0.

So summing up, we have found that

F =1{0.,0:,N,N,G(0., Pd:),G(0z, PO.)}
gives an adapted frame to the almost complex surface. The vectors are orthogonal, but do not
have the same length. Also note that the frame only exists at points where |A|? # 2. At points
where the equality |A]?> = ¥ holds the normal N is zero. At these points P preserves the tangent

space: PTM = TM. In Theorem 4.2 of [?] the almost complex surfaces with PTM = TM have
been classified; such a surface is locally congruent to the torus f(u,v) = (cosu + isinu,cosv +
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isinv). Therefore we will restrict ourselves to the open subset of M on which |A]? # €?* and we
may assume that it is dense in M.

5. PROOFS OF THEOREM [[.1] AND THEOREM

In this section we will prove Theorem [I.1] and Theorem The proof consists of three steps.
First we write the second fundamental form h in terms of the normal vectors N, ..., G(9z, P9,).
Next we deduce the compatibility equations for almost complex surfaces. In this second step
the proof will be split into two cases: (a) A is nowhere zero and (b) A vanishes. Case (a) gives
Theorem [L.1{and case (b) gives Theorem In the last step we use the correspondence theorem
(Theorem [3.1)) and verify that the compatibility conditions for a H-surface are the same as the
compatibility equations for almost complex surfaces. The proof then follows from the existence
and uniqueness theorem for differential equations and the correspondence theorem.

The equations and give two useful expressions that will be used frequently in this
section.

(29) PG(az,Pag) - G(@g,P@z), PG(@E,P@) - G(az,Pag),
(30) Vo, Pd. =PV d., V.Pd:=PVy.0:.
Consider the adapted frame F on the open subset of M where |A|? # 2%,

Proposition 5.1. The second fundamental form is given by

(31) s, 0:) = AN + puG(0:, P0.)
with X and p local functions satisfying

1AL —2w.A 2, o )
(32) A= 2 —[APe g(e A = g(h(9s,05), G(0z, POs)).

Proof. Differentiating A with respect to z gives
A. =g(Vo, P0.,0.) + g(P0.,V.0-)
(33) = 9(PV5.0,0) + g(P0.,w.0.) + g(P0., h(D-,0.))
= 2w A +2g(h(0:,0:),N),
where we used . Similarly, 0,9(P0,,0z) = 0 gives us
0= g(Vo.P:,0z) + g(P0.,Vo.0:)

= 9((Vo.P)d.,0:) + g(PV . 0., 0z)

= w,g(P0,,0z) + g(Ph(9;,0.), 0z)

= g(h(9:,9.), N).

Now we calculate the inner product of h(9,,0,) and G(9z, PJ.). Since the surface is almost
complex, Jh(0,,0,) is equal to h(9,, J0,) = ih(0,, D), so we have

g(h(aza 62)’ G(857 Paz)) = _g(G(aiv h(827 az))v Paz)
= —g(Va.Jh(D.,0.), Pd.) — g(Va.h(0.,0.), JPD.)
= —ig(Va.h(d.,0,), PO.) +ig(Va.h(8s,d.), Pd.)
=0.

Note that by equations and the complex valued function g has to satisfy the second
equation of . We complete the proof of Proposition O
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As we mentioned before, the differential A dz? is holomorphic (Theorem . This fact follows
from equations and , but it can also be shown by an easy calculation.

Lemma 5.2. The function A = g(P0,,0.) is holomorphic.

Proof. By the first equation of , we have Az =2¢(Vy. 0z, PO,) = 2g(h(0,,0%), P0,) =0. O

We now distinguish two cases. The function A is holomorphic, so it is zero at isolated points or
identically zero. In the latter case |A|? = 0 and since e** is always positive, the frame F always
exists on the surface. In the former case we can take a local coordinate system, on a possibly
smaller neighbourhood, such that A = 1. The frame F then only exists at points where w > 0.
As we have pointed out in Section [4] we can assume that the set of points where w > 0 is an open
dense subset of M.

Case 1. A = 1. From now on we assume that A = 1. In this case simplifies to

Ao ¥ 20 ) — g(h(0.,0.), (0., POL)).

ew —e v 3
The next step is to calculate w,z and pz. For this we need the following lemma.

Lemma 5.3. The normal covariant derivatives of the normal vectors are

V3 N = —e"“AN — e “uG(d,, Po:) + %G(ag, PO.),
Vs N = %wge” cschwN + G (0=, PO.),

vng(az, Po;) = —ge“’ﬁN — %ewN + %wgew cschwG (0, POs),

ViG(a@Paz) = %ﬂN + %wge” csch wG(0z, PO,).

Proof. The first two expressions can be calculated directly. Firstly we have
Vg N =V, (PO, — e “0;) + AnO:
= (@QZP)@ + e Ywz0z — 67“’@5285
. %JG(@E, PO.) — (05, 0:)
= —e “AN — e “uG(0,, Po;) + %G(ag, Pa,).
From Proposition [5.1] we get
Ph(9.,0.) = M(1 — e 2)0; — e “N) + uG(9., Po:).
Therefore the second covariant derivative is

V3. N =V, (PO: —e0,) + Ax0:
= PV 0: +wse @0, — e “Vyo. 0, + Ay
= Ph(9z,0:)" + wz(P3;)*

1 _
= §W2€w cschwN + pG(95, PO.,).
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To obtain the third and fourth expression, we calculate the inner products of Vé‘ZG (0., POz)
and V3 G(9z, Pd.) with the normal vectors. We already know that

9(V3.G(9., PO;),N) = —g(G(9., P0:),V5.N)

= 5 1),

g(vé_gG(azvpai)aN) = 7Q(G(827Pag),v(%;]v)

2
= —gﬂ(GQw — 1)

From it follows that ¢(V3. G(8., Pdz), G(8:, Pdz)) = 0. By equation we have

9(V3.G (9., PO:), G(0s, PY.))
= 9((Va.G)(9-, POz),G(0z, PA.)) + 9(G(V 5.0, Pdz), G(0z, P0.))
+ 9(G(8., V. Pd:),G(0z, PD.)).
Equation says that (@QEG)(&Z, P9:;) is a linear combination of 9,, 9z, PJ,, POz and therefore

the first term vanishes. The second term vanishes as well since V4.0, = 0. Equations (27),
and then give
2

= —~Wwze

3
Combining these equations with and , one obtains the third expression. Finally we have

2w

2
g(végG(a?’ Paz)’ N) = _g(G(ai?Paz)v V(%ZN) = gﬂ(ew - eiw)v
9(V3.G(05, P9.),N) = —g(G(95, P0.),V3.N) =0,
9(V3.G(0, Pa.),G(9z, P0.)) = 0,
2
g(vé_gG(aiv Paz)v G(aza Paf)) = 567(62(0 - 1) - g(Vé‘ G(aza P62)7 G(afv Paz))
= gwgez“’
3
These equations together with and give the last covariant derivative. ([

The expression for the curvature tensor R yields (R(ﬁg, 82)8Z)L = %N , so the Codazzi equa-
tion becomes Valzh(az, d.) = 2N. It follows from Lemma [5.3| that

w 4
Wiz sinhw—67|wz|2 ~3 sinh® w(1 — |u|?) =0,

34
(34 e’ pwz — w i

5 =0.
pat 2sinh w
Case 2. A is identically zero. The calculations and expressions in this case are simpler. In this

case h(9,,0,) = uG(9z, PO,), where

2 = g(h(@-.,0.), G-, PD.)).
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Using the same approach as in Lemma [5.3] we get
V3.G(0z, PO.) = (VG)(0z, 0z, PO.) + G(Vo,0z, P0.)
+ G(05,V5,P0.) + Aco..po.) 0=
= wzG(0z, PO,) + pG(G(0,, POz), P0,)
+ 500, JG(0=, PO)) + Aco. po.) -
= w;G(0z, PO,).
From the Codazzi equation it follows that
0= V35,h0:,0.) = (1= + wsp)G(9z, PO).

Together with the Gauss equation R(d,,ds,ds,d.) = R(d.,z,d=,0.) + ||h(d., d.)|*> we obtain
2
2z —e“(1 - %) = 07
(35) wez + 3¢ (1= |ul%)
pz +wzp = 0.
In order to finish the proof, we will use the correspondence between almost complex surfaces
and H-systems (Theorem [3.1). We look at the equation
ng — ﬁXz X Xg.

V3

The definition of g, the equations and the fact that o, 8 and @, 3 are equal up to a rotation
give

e’ =

({Ou; 0u) + (00, 0))

((&, &) + (B, B) + (

= §(<a’a> + <B7B>) =

Moreover we know from Theorem [3.1]

A =g(Pd,,d,) =25 (X,, X.).

=R =] e

ot
1
2

So we have the relations
1 1 .=
(36) <XZ,X2> = iew, <X27XZ> = 5@7151\.
Case 1. A is not identically zero. By changing the coordinate system we may assume that A
and thus (X, X.) are constant. Then (X..,X:) = tw.e* and (X..,X.) = 0. One obtains the
system
21
Xzé = 7Xz X Xz,
V3
Wy e Yw,
X, —
1— [APPe 2 1— [APPe 2

for some local function Q2. We have

X,, = A5 X + QX x Xs.

ie's _ 2 ie¥ 2 .
X..), = —( AQ + few)Xz + (—Q + 7e—Z§A)X2
(Xez) V3 3 V3 3

2% X

! d X, x X

+ %1 — |AZe—20 7



12 BART DIOOS, HAIZHONG LI, HUI MA, AND LUC VRANCKEN

Comparing this with (X,.)s we then get
w3 e Ye T,

Q
[AlZe—2v —1 + |APPe—2v —1

1 2
0 = waz(|APe™ — 1) + wa 2|A2e ™ + e¥(JAPe™2 — 12 (510 - 2).

Qg == AQ,

If we set

Q:——e_z%/,t, A=1,

we see that the above compatibility conditions are the same as equations (34]). Therefore such
an H-system indeed exists. Consequently we get a corresponding almost complex surface in S° x
S3.
Case 2. A is identically zero. If A vanishes, we obtain the system
X, =w. X, +QX, x X;.

The derivatives (X,.z), and (X,.)z are

2 ie¥ 2i
(Xaz)s = ==X, + QX + —

3 V3 V3

(X22)z = (sz - §|Q|2)Xz + %QXE + (QE + w0 + %WZ)XZ x Xz.

wZXZ X Xg

The compatibility condition then gives

e¥ 5 4
wer = S (0P~ 3), Q: +ws) =0,
So for 2 = % 1 we get the same equations as . This proves the existence and uniqueness

theorems.

6. FLAT ALMOST COMPLEX SURFACES

In the last section we give a method to obtain all flat almost complex surfaces in S3 x S3. There
is a 2-parameter family of flat almost complex surfaces and one isolated example that was already
described in [?]. Our proof consists of three steps. First we choose a suitable adapted frame for
the almost complex surfaces and determine the second fundamental form. For this, we calculate
several compatibility conditions. In the second step, we show that the components of the flat
surface are Clifford tori. This fact will be used in the final step to obtain a parametrization of
the flat almost complex surfaces.

6.1. Finding the second fundamental form. Let M be a flat almost complex surface. If
PTM = TM then the surface is locally congruent to the torus f(u,v) = (cosu + isinu, cosv +
isinv) ( see Theorem 4.1 in [?]). So we will assume that PTM # TM. Choose a local frame
e1, ea such that ey is a maximum of g(Pu, u) for all unit vectors u and e = Je;. From a standard

argument it follows that g(Pej,e2) = 0. Consider the adapted frame ey, ..., es along M where
63:P617 65:G(61,P61),
eq4 = Peg = —Jeg, es = G(e1, Pey) = Jes.

By the assumption PT'M # T'M, these vectors are indeed linearly independent. Let a and b be
local functions such that the connection is given by

Ve, e1 = aey, Ve,€1 = —bea,

Ve, e2 = —aeyq, Ve,e2 = bey.
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As V is torsion free, one has [e1, e2] = —ae; + bea. The curvature is zero, so
(37) e1(b) + ea(a) = a® + v°.
Furthermore if we write cos = g(Pey,e1), then
Pey — cosfe; = ez — cosfeq, —J(Pey — cosfle) = eq + cos bes

are normal vectors. By the vectors e5 and eg are also normal ones. We choose ¢1, ¢a,dq, ds
such that

h(e1,e1) = c1(es — cosfer) + ca(eq + cosbes) + dies + daeg.

Since M is almost complex, Jh(ej,e1) = h(er,e2) and h(er,e1) = —h(es, e3). Therefore
@elel = —cj cosble; + (a+ cgcosB)es + cres + coeq + dres + daeg,
68162 = 7(0, =+ co cOoS 0)61 — C1 COS 062 + cge3 — c1e4 — d265 + d166,
66261 = —cocosbe; — (b+ c1cosb)es + caes — creq — does + dyeg,

Ve,e2 = (b4 c1cosf)e; — cocosbes — cres — coeq — dres — daeg.

Using equation we obtain the covariant derivatives of e3 and e4. For example, for V., e3 =

Ve, Pe1, we have

- ~ 1

VelPel = Pvelel + §G(61, PBQ).
One obtains

% - d2)66a

es — dies,

@eleg = c1e1 + coeg — ¢ cosbes + (a+ cacos ey + dres + (
66164 = c9e1 — c1eg — (a+ cp cosB)es — ¢1 cosfey — (% +ds)
66263 = c9e1 — c1eg — cpcosfes — (b4 c1cosf)ey + (% —dy)es — dyeg,

66264 = —c1e1 — ceea + (b+ ¢1 cosf)es — cacosbey — dres + (% + da)eg.
The compatibility of the Levi-Civita connection V with the metric gives
ei(gler,ex)) = g(Veen, ex) + gler, Ve,er)
for © = 1,2 and k£ = 3,4. These four equations give

e1(0) = —2¢ siné, c1 =bcotbcsch,

e2(0) = —2¢ysin ), cy = acotfcsch.

Using equation ([L1]), we can compute the covariant derivatives of e5 and eg. For example, for
Ve, e5 = Ve, G(e1, Peq) the calculation goes as follows:

VGIG(€1,P61) = (@elG)(el,Pel) + G(@elel,Pel) + G(el,@elPel)
= %(g e1, Per)es — JPey) + G(@elel, Peq) + G(eq, @elPel).
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We obtain
Ve, €5 = 2di(cosf — 1)er + §(2d2(1 + cos ) + cos f)ea
+ 2di(cosf — 1)eg + £ (1 + 2da(1 + cos 0))eq — 2bcot® fes,
Ve, 6 = +(cosf — 2da(1 + cosb))ey + 5di(cosd — 1)ey
+ 2(2da(1 + cos0) — 1)es + 2dy1 (1 — cosf)es — 2bcot? e,
66265 = é(2d2(1 —cosf) + cosf)e; + %dl(l + cosf)ey
+ £(2da(1 = cos§) — 1)es + $d1(1 + cosB)es — 2a cot? fes,
Ve, €6 = —3d1(1+ cosB)er + ¢ (2d2(1 — cos ) — cosf)es
+ 2d1(1+ cosB)es + £ (2d2(cos — 1) — 1)eq — 2a cot® feg.
We have ]:2(61, es)e; = 68166261 — @eg @elel — @[61762]61. The left hand side is given by the

expression for R and the right hand side can be written using all covariant derivatives above.
The eq-, es-, es- and eg-components of this equation then give

(38a) 0 = cot® 0(eq(a) — ea(b)),

(38D) 0= ;(df L2 1)+ esc? 0((a? + B2)(2es? 0 — 3) + ea(a) + 1 (b)),
(386) 0= 2% + 62(d1) + el(dg),

(38d) 0= e1(dy) — ea(dz) — (bdy — ads) secQ(g).

Note that the second equation (38b)) together with becomes

1 1
3= §(d% + d3) + csc? O cot? 0(a® + b?).

In view of this equation we write from now on

1 . .
a= % sin 6 tan 0 cos ¢ cos a, dy = cos ¢ sin a,
1
b= ——sinf tan 6 sin ¢; cos o, do = sin ¢ sin

V3

and furthermore we introduce the variables

U=e(a)+ % sin acos(¢ — 2¢2),

I .

7 sin asin(¢g; — 2¢2).
Substitute U and V in (37), (384), (38d) and (38d) and solve this system of equations to obtain
the derivatives of ¢; and ¢s:

V= 62(0[) —

e1(¢r) = (\/gcosasecﬂcos $1(7 4 cos 20) + 2 tan a (V3 sin a cos(p; — 2p2) + 3V)),
e1(d2) = ¢ (— V3 cos asec 0 sin ¢ (7 + cos 20) + 2 tan a(v/3sin asin(¢hy — 2¢p3) — 3U) ),
e2(¢1) = =V ecota + ﬁ(cosacos(gbl — 2¢9) + 2 cos ¢ sec ),

(¢2)

=Ucota+ % cos a(sin(¢y — 2¢9) — 2secfsin ¢y ).
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Now we will calculate several compatibility conditions to obtain Lemma [6.1} The compatibility
conditions eq(ez(¢;)) — ea(e1(d;)) = [e1, ea](¢;) give

2—14 (24(U* 4+ V?) sec® a + cos” asec® (103 + 28 cos 20 — 3 cos 46)
+ 8sec artan a3 cos aer (U) + ea(V)) + sin 3o + V3(V cos(py — 262) — Usin(py — 263)))
+ 8tan® a 4 4 tan §(—2v/3sin asin O(V cos ¢ + U sin ¢1) — 3 cos? a(7 + cos 260) tan 9)) =0,
%(2 cos 2a — 3cot afer (U) + ea(V)) 4 cos? asec? §(7 + cos 26)

+ csca(3esca(U? + V2) +V3(=V cos(p1 — 2p2) + Usin(pr — 2¢2))
+ \/gcosacotasinﬁtaHG(V cos ¢1 + U sin ¢1) — 6 cos® a tan? 9) =0.

Multiplying the second expression by tan? o and adding it to the first one, gives us
1
6 + 2sec? a(U? + V2 — g) =0,
or U2+ V2% = L cos? a(sec’ « — 9). Since U? 4+ V? is positive, o € [arccos(3), arccos(—1)].
We denote

1, 9 1/2
r= (g cos” a(sec” o — 9))

and U =rcosd and V = rsind. The compatibility conditions for ¢5 and « yield two equations
linear in e (9) and ez(d). Solving these two equations gives

sec a
0) = Acosd — Bsind),
(%) 8\/§(7+90082a)2( o8 sin)
sec a
0) = Asiné 4 Bcosé
e2(%) 8\/§(7+90082a)2( o 0s 9)

with
A = (590 + 927 cos 2c + 450 cos 4o + 81 cos 6x) cos(d — ¢y + 2¢2)
— 2sinftan 0 cos(d + ¢1)(23 cos a + 9 cos 3a)?,
B = (74 9cos 2a)(v/2cscayv/—7 — 9 cos 2a(33 + 28 cos 2a + 3 cos 4a)
—2(19 4 36 cos 2. + 9 cos 4ar) sin(d — ¢y + 2¢h2)
+ 8 cos? asin @ tan @sin(d + ¢1)(7 + 9 cos 2a)).
The compatibility condition ej(e2(d)) — ea(e1(d)) — [e1,e2](6) = 0 then gives
(25 + 36 cos 2 + 3 cos 4a) csc® o
48/20/=T7 =9 cos 2 '
Lemma 6.1. The numbers 6 and ¢ := ¢o are constants. Moreover a, b, ¢y, co are all zero and
d1 = cos ¢, do = sin ¢.

Proof. The expression on the right hand side of is smaller than or equal to —1 for every

o € [arccos(3), arccos(—3)] and equality holds if & = 7/2. Therefore v = 7/2 and thus a, b, ¢1

(39) sin(d — ¢1 + 2¢2) =

3
and co vanish and d; = cos ¢2 and ds = sin ¢o. The equations for e;(0) and e;(¢p2) imply that 6
and ¢, are constant. (I

The second fundamental form thus is given by
h(e1,e1) = cos @ es + sin g eg, h(e1,ez) = —singes + cos ¢ eg,

where ¢ is a constant.
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6.2. Both components are homogeneous tori. In order to obtain a parametrization f for
flat almost complex surfaces in S3 x S3, we will rewrite the structure equations for the almost
complex immersion f as equations for the immersions p, ¢ in S® where f = (p, q). The calculations
are not that difficult, but the expressions get rather lengthy.

Consider % x S% in R® = R* @ R%. Since [e1,e2] = 0, there are coordinates (u,v) such
that 9, = e; and 9, = ea. Write f = (p,q), Qf = (—p,q) and consider the frame

Gg= {faQfafu7fvvpfu7PfU7G(.fuanu)a']G(fuapfu)}§

this is just the frame eq, ..., eg with f and Q) f added to it. Let D denote the Euclidean connection
on R® and A and B the matrices such that

Daug = Ag and Davg = Bg

Now we explain how to calculate all the Euclidean covariant derivatives. We have Dp, f = f.

By DQ = 0 and ([4) : ,
Daqu = qu = _ﬁfv + %va

By Lemma equations , and the expression @elel we have
Do, fu = V5, fu+ 5(Da, fu, ) f + 5(Da, fu, QF)Qf
= Vo, fu+ JG(fu, Pfu) = 5({fus fu) f + (fu, QL) Q)
= coS @G (fu, Pfu) + (sing + 1) JG(fu, Pfu) — (% + %cos 0)f.

Note that f and @Qf have Euclidean length 2, hence the factor % in the last two terms. The

derivatives of f,, Pf, and Pf, are calculated in the same way. To obtain Dy, G(fu, Pf.)
and Dy, JG(fu, Pfu), we use (13)). For instance,

Do, G(fus Pfu) = V5,G(fus Pfu) + 5(Do, G(fus PFu), f)f + 5(Do, G(fu, Pfu), QNQS
— 0,G(fu Pfa) + L(JG(fus PG(fus PL)) + JG(G(fus PF0), Pf)
— (G (fus Pfu)s fu) f = (G(fus Pfu), QFu)Q)
= 1cosp(cosf — 1) f, + §(2(1 +sing) cosf + 2sinp — 1) f,,
+ 4 cos¢(cosf — 1)Pf, + £(2sin¢(cosf + 1) — cos0+2) P f,.

Proceeding in this way, one obtains the matrices A and B. The matrix A is

1 0 0 0 0 0
1 2
0 -5 0 7 0 0
0 0 0 0 cos ¢ 14 sin ¢
s 0 0 0 0 —sin ¢ cos ¢
i 0 0 0 0 cos ¢ % — sin ¢
: 0 0 0 0 —(4 +sing) —cos¢
1 cos ¢(cosf — 1) s(2cosf(sing + 1) + 2sin¢ — 1) 1 cos ¢(cos — 1) s (2sin ¢(cos 6 + 1) — cos § + 2) 0
—%(2sin¢(cos 6 + 1) + 1) 1 cos ¢(cos 6 — 1) £ (2sin ¢(cos 6 + 1)+ cos 0) 1 cos ¢(1 — cos6) 0 0
and B equals
0 1 0 0 0 0
1 2
73 0 V1 0 0 0
0 0 0 0 —sin ¢ cos ¢
0 0 0 0 — cos ¢ 1 —sing
0 0 0 0 % — sin¢ — cos ¢
0 0 0 0 — cos ¢ % + sin ¢
$(2sin (1 — cos ) 4+ 2cos 6 + 1) 2 cosp(cosf + 1) £ (2sin (1 — cos 0) — cos § — 2) L cos (1 + cosb) 0 0
—% cos ¢(cosf + 1) %(2 sin (1 — cos ) — 1) % cos ¢(cos 6 + 1) é(2 sin ¢(cos 0 — 1) — cos 0) 0 0

Note that f(u,v) = exp(Au+ Bv) = exp(Au) exp(Bv) gives the parametrization of flat almost
complex surfaces in S3 x S3 as a solution of the system of differential equations of first order. At
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this point we have equations for the immersion f: M — (8% x S3,(-,-)), that is, f is regarded
as an immersion in S$3 x S with the usual product metric.

In order to find the equations for the components p and ¢, we rewrite these first order equations
as a system of second order equations. Note that p = 3(f—Qf) and ¢ = (f+Qf) and consider
the vectors

1
gl - %G(ftupfu) + JG(fuv-Pfu)a
€2 = G(fur Pfu) + JC(fur P1).

V3

The derivatives of p and g can readily be found using the calculations above. If we write

gl - (pvpuvpvagl)a

then we obtain the following system of equations

(40)
(41)

Dy, 61 = A1,
Dy, G2 = A2Gs,

where the matrices Ay, By, Ay and By are

Ay =

B,

By =

r 0
—1(2+ cos )

—? cos 6

?cos@

2 (cosf —2)
0

1
0
0
%(cos 01+ 2v/3 cos ¢
—2sin ¢) — 2(1 + V3 cos ¢ + sin ¢))

0
0
0
—2 cos ¢(1 + cos 0)
+ﬁ(cos@ — 2sin¢(cos 6 — 1))

1
0
0
% cos ¢(1 — cos 0)
—%(2sing(1 +cosf) —cosh +2) —

0
0
0
2%/5(005 0(2sin¢p — 1) — 2sin ¢)
—3 cos (1 + cosh)

gQ - (q,qua %752),

Dy, G1 = B1Gy,
Dy, Go = B2Go,
0 0
0 %(1+\/§C0$¢+Sin(f))
0 L(cos ¢ — V/3sin ¢)
6—\1/5(3c059+2\/§cos¢(0059— 1) 0

% cos ¢(1 + cos 0)
—2(2+cos 6 + 2sin ¢(cos 6 — 1))

1
2V3

1
V3

+6sin ¢(1 + cos 0))

(=N

0
0
0

% cos ¢(cos — 1)
(2sin ¢(1 + cos 0) + cos 0)

1

0
0

L(2sin¢(1 — cos ) — cos 6 — 2)

cos ¢(1 4 cos 0)

0
1(cos ¢ — V3sin ¢)
1(1—V3cos ¢ —sin¢)
0

0
L(sing — V3cosg + 1)
%(cos¢)+ ﬂsind)) ,
0

0

%(cos¢+ V3 sin )
%(\/gcos¢fsin¢+ 1)

0

In particular p and ¢ are parametrizations of surfaces in S2. An elementary calculation shows
that these surfaces have zero Gaussian curvature and constant mean curvatures

(2 cosGsin(% + qb) + 1)

(42)

in S3 are locally totally geodesic spheres or homogenous tori, hence

M(QCOSGSin(g — qb) — 1),

V3
respectively. It is well-known that the only surfaces with constant Gaussian and mean curvature

__csch

V3

Proposition 6.2. The immersions p and q are congruent to (parts of) the homogeneous tori.

Recall that for —1 < a < 1, if

1 )
xa(u7v):(\/ ;aezu

1—a .
\/ 2aew)’
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is the homogeneous torus with normal given by

) = (\/1;aeiu’_\/l—;aew).

Then we have that

§u = L—raxua
1
§v = - ﬁmva

from which we deduce that the mean curvature H, = —%(4/ %;—Z — /1) = \/117

The immersions p and ¢q are SO(4)-congruent to a standard flat torus in S3. Also S? x
S$3 = SU(2) x SU(2) is the double cover of SO(4), so any rotation R € SO(4) can be written
as R(z) = axf3, where a, 3 € S3. Therefore we can write

p(u,v) = a1 (r1 cosu, ry sinu, ro cosv, ro Sinv) as,

q(@,0) = agz(s1 cos i, s1 8in G, $3 cos U, S2.8in V) aq,

where r1, 72, 51, S2 are positive real numbers with r% + r% =1, s% + s% =1 and a1,as,a;s,a4 € S°
are unit quaternions. Recall that the isometries of the nearly Kihler S® x S2 are (p,q) —
(apc=!,bgc™1) for unit quaternions a, b and c. So by applying an appropriate isometry, p and ¢
become

(13) p(u,v) = (rq cosu” (u,v),r1 sinu”’ (u,v), ro cos v’ (u, v), ro sinv” (u, v)),

q(u,v) = (s1 cosu’ (u,v), 81 sinu’(u,v), o cos v’ (u,v), so sinv’ (u,v)) d,

for some d € S3. We already know that for both maps p and ¢ are congruent to homogenous
tori and that moreover their Christoffel symbols with respect to the usual metric on S? vanish.
Therefore the coordinates u’,v" and u”, v are related by an affine transformation to the standard
coordinates of the homogeneous torus. We thus have

u = biu+ byv, v = bsu + by,
u” = ciu + cov, v = csu+ cqv.

Without loss of generality, by applying a rotation and a homothety we may moreover assume
that c1 = 1, Co = 0.

6.3. Proof of Theorem We first assume that neither P(T'M) C TM nor P(TM) L TM.
The first step of the proof will be to apply the existence and uniqueness theorem given in Theorem
[[I] In this case the holomorphic differential does not vanish identically. We have seen that in
this case 0 < 6§ < § and that the connection coefficients of the basis e; and e vanish. As such
we can introduce a complex coordinate z = x + iy, by
9 _
0z
where at the moment w is an arbitrary positive constant. As
9(0z, P0z) = 1/4w?g(e1 — iJey, Pey —iPJey) = 3w’ cos?,

V2

cos 6

0z = %w(el — ieg),

we see that taking w = yields our preferred complex coordinate.

It then follows that

e = g(02,02) = 1/2uw* = L

cos 6’
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which implies that w is a positive constant. Moreover, we have that
h(0z,0z) = iwzh(el —iJey,e; —iJeq)
= 5 (h(e1,e1) —ih(er, e2))

= Cols 7 (cos ges + sin geg — i sin e + i cos peg)

= c01506i¢(65 — ieG),
and

G(0z,P0z) = %sz(el +iJey, Pe; —iPJey)
= 55 G(ey +iJer, Pey + iJ Pey)
= #(G(el, Pel) + iG(Jel, P61>)

cos 6
= colsQ(G(elaPel) _Z.G(617PJ€1))
= c0150(65 - 1166);

which implies that e’ = p. Note that these are indeed trivial solutions of the system of differen-
tial equations in Theorem and that therefore for every value of 0 < < 5 and 0 < ¢ < 27 we
get a unique solution. Therefore, in order to complete the proof in this case, by the uniqueness
part of the theorem it is sufficient for value of 0 < 6 < 5 and 0 < ¢ < 27 to give an example of
a flat almost complex surface.

In order to do so we will look at the mean curvatures of the immersions p and q. We define
the map

g1 10, 5[x]0, 27— R? : (0, ¢) = (=5 (2cosfsin(F — ¢) — 1), — =5 (2cosOsin(§ + ¢) +1)).

Note that the image of the ¢-lines under g; is the ellipse with equation
Sa+y)’+ia—y?’+ V3escl(z+y)+1=0.
This implies first that the map is injective and that its image is given by
9100, 50x10,27]) = {(2,9) € B[ +y < O\ {(~ L5, — ).

On the other hand as we have seen before, the homogeneous torus

1+a [1—a
Ca = {(251722) E(C2 : ‘Zl| = T7|22| = 2 }7

a

where a €] — 1,1[ has mean curvature Note that the function ¢ —» —=%= is an odd

V1—a?"’ V1—aZ?
function which is a bijection between | — 1, 1] and R. Moreover we have that iy = — lb_ = if

and only a + b = 0. Also JﬁT = —% if and only if a = —%. Therefore, in order to complete
the proof of the theorem in this case, it is sufficient to give homogeneous tori p and ¢, with

parameters a and b satisfying a + b < 0 and (a,b) # (—%, —%) A straightforward computation
now implies that

1 ; l—a
p(u,v) = (\/?ez(cuﬂrczv)7 \/761(631”“:4”))’
q(“, 'U) = ( 17—"_bei(blu-i-bzv)7 ﬁei(b3u+b4v)) 1,

and
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where * denotes the quaternion multiplication and ¢y, co, c3, c4, b1, b2, b3, by are constants given
by

(44) e =1,
(45)  ca =0,

a (2\/1 —a2/1 — b2b — 2ab? + a) 422 — 1
(46) ez =

a2 (262 = 1) —a (2V/T = a2VT—b2b+b2 — 1) + VT —aZby/T— b2 — 1
V3 (VI=aZV1 =2 - ab? +a)

“n c4:7(12(21;2—1)—a(zmmb+b2—1)+mbm—1'
(48) . m(\/gq+362+\/§Cs+364)+2m(63*01)
T 13 — 362 ’
, ﬂ(aQbm+a(b2fl)( 17a2+\/17b2)+b( T=a2(b-1b—VI-a? - VI-82) + V1 - a?)
@ b= 2 1—b2(a2(1—2b2)+a(2mmb+b2—l)—mb\/l—ibzqtl) ’
m(\/gc1+362+\/§cg+304)+2m(03—01)
(50) by = — W T —c1 +es3,
oy o _\/§(a2bm+a(b2—l)(\/1—a2—\/1—b2)—b( T=ab(b+1) = V1—a? + VI—82) + /1~ a?)
T 2T =57 (a2 (1 - 26%) +a (2V1 - a?VI - 626 452 — 1) — VI —aZby/T— 7 + 1) '
As

(V@ -V B) — (Vim@bt (ar )V R
—a? (2% 1) —a (2V/1- VI8~ 1) + VI /112 - 1

the above constants are actually well defined for any (a,b) €] — 1,1[x] — 1,1[. This completes
the proof in the general case.

If P(TM) C TM, we know that M is congruent to the totally geodesic torus, which can be
obtained from the previous formula by taking any allowable (a, —a).

If P(TM) L TM we know that the corresponding H-system is a flat constant mean curvature

surface (with mean curvature —%) Up to congruence in R? such a surface is unique and

therefore all such surfaces in S x S% must be mutually congruent. So again it is sufficient to
give an example of such a surface which is obtained by taking (a,b) = (f%, f%) in the previous
formulas.
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