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THE HEAT EQUATION UNDER CONDITIONS
ON THE MOMENTS IN HIGHER DIMENSIONS

DELIO MUGNOLO AND SERGE NICAISE

ABSTRACT. We consider the heat equation on the N-dimensional cube (0, 1)V
and impose different classes of integral conditions, instead of usual boundary
ones. Well-posedness results for the heat equation under the condition that the
moments of order 0 and 1 are conserved had been known so far only in the case
of N =1 — for which such conditions can be easily interpreted as conservation
of mass and barycenter. In this paper we show that in the case of general
N the heat equation with such integral conditions is still well-posed, upon
suitably relax the notion of solution. Existence and uniqueness of solutions with
general initial data in a suitable space of distibutions over (0, 1)~ are proved by
introducing two appropriate realizations of the Laplacian and checking by form
methods that they generate analytic semigroups. The solution thus obtained
does however solve the heat equation only in a certain distributional sense.
However, it turns out that one of these realizations is tightly related to a well-
known object of operator theory, the Krein—von Neumann extension of the
Laplacian. This connection also establishes well-posedness in a classical sense,
as long as the initial data are L2-functions.

1. INTRODUCTION

Fifty years ago, J.R. Cannon has suggested in [6] that realistic mechanical consid-
erations suggest to study diffusion equations imposing a condition on the moment
of order 0 of the unknown (i.e., on the total mass of the system), thus dropping one
of the boundary conditions. Cannon’s analysis was limited to the one-dimensional
case, both in [6] and his later research surveyed in [7]. His original setting has been
significantly generalized over the years (cf. [I6, § 1] for a historical overview), in
particular replacing also the remaining boundary condition by a condition on the
moment of order 1 (i.e., on the barycenter).

Still, to the best of our knowledge only a few tentative extensions of the above
conditions for heat or wave equations on higher dimensional domains have been
proposed in the literature: We mention [15] [14], [I7], where earlier related references
are also collected. A first difficulty is that in case of a bounded domain in dimension
N > 2 (unlike in the 1-dimensional case) infinitely many (boundary) conditions are
necessary to determine a solution, while prescribing the moments of order 0 and 1
yields only finitely many conditions.

In this note, we introduce a general setting which in our opinion yields the
proper N-dimensional extensions of the 1-dimensional moment conditions studied
in [B, [16]. Because the moments of order 0 and 1 of a given function are its integrals
against the two vectors that span the space of one-dimensional harmonic functions,
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it is natural to conjecture that for N > 2 Cannon’s setting should be extended
by imposing orthogonality to the harmonic functions. This allows to define two
diffusion-type operators A and A and to study the associated parabolic problem.

We stress that neither of these operators is a classical Laplacian: Rather, each of
them is an isomorphic image of (a realization of) the Laplacian in a suitable space
of distributions of H!'-type. An analogous problem has been already observed
in [I6). Roughly speaking, A turns out to be an operator with conditions on the
moment of order 0 along with uncountably many further conditions (that however
impose in particular that the IV linear moments of order 1 of the unknown have to
vanish); whereas A will be an operator with periodic boundary conditions and a
condition on the moment of order 0 only. This is discussed in detail in Section
Nevertheless, A and A agree with the Laplacian in the sense of distributions.

In the special case of N = 1 it has been shown in [I6, §§ 3-4] that the solution
of the abstract Cauchy problems associated with either of them also solves the
classical heat equation. Indeed, the orbits of the semigroups generated by A and A
contain only elements whose smoothness suffices to ensure that the generator acts
on them as the usual second derivative: This can be proved carefully describing the
smoothing enhancement yielded by analyticity of the semigroups.

It seems that a similar strategy is not successful in the present higher dimensional
context. In fact, a direct computation suggests that in general the elements of
the orbits are not much better than L2. Nevertheless, we will eventually show in
Section Bl that the semigroups actually solve the usual heat equation (with moment
conditions) — at least in a suitably weak, distributional sense.

Finally, in Section [0l we comment on the well-posedness of the relevant diffusion
problem in a more usual L?-setting. We also emphasize the connections between our
investigations and Krein’s theory of self-adjoint extensions: Also this observation
seems to be new.

2. THE FUNCTIONAL SETTING
Let © C RY be an open domain with Lipschitz boundary. It is well-known (see
e.g. [Il Thm. 2.5]) that
(2.1) HY(Q) = Hy(Q) @ Har(Q),
where Har(Q2) denotes the space of (weakly) harmonic functions, i.e.,

Har(Q2) := {u € HYQ): | VuVvdr =0VYv € H&(Q)} .
Q

Furthermore, the trace operator 7y is an isomorphism between Har(£2) (the orthog-
onal of its null space) and Hz(9Q) (its range).

If TV denotes the N-dimensional torus, we can consider the (Hilbert) space
HY(TN), defined as usual as the space of periodic functions defined on T%V. Through-
out this article we will denote

po(h) = (h, 1), he Hﬁl(TN)v

the mean — i.e., the moment of order 0 — of a distribution h.

Now, H}((0,1)V) is a closed subspace of H'(T), hence we can consider its
orthogonal complement which, as above, turns out to be
(2.2)

Har(TV) := {u c HY(TN): / VuVudz =0 Vv € H&(Q)} = H'(TV)eH} ((0,1)N).
TN

Hence, using L? ((O7 nHy ) as pivot space we can find the decomposition
(2.3) HYTN) = H' ((0,)™) ® (Har(TV)),
where H=* ((0,1)Y) := (Hg(0,1)N)".
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Remark 2.1. In other words, Har(7T?) is the space of periodic H!-functions that
are (weakly) harmonic, whereas Har ((0,1)") is the space of all (weakly) harmonic
H!-function on the unit cube. It is by definition clear that Har(T?) is a subspace
of Har ((O, 1)N). In fact, it will in general be a proper subspace: For N = 1 we
e.g. find that Har(7T?) and Har ((0,1)") are isomorphic to the spaces Po and Py of
polynomials of degree 0 and of degree less than or equal to 1, respectively.

Let us denote by Id the orthogonal projector of H—1(T) onto its closed subspace
H-1 ((O7 1)N) and by Id,, the restriction of Id to the annihilator

H:={weHYTY) : (w,v) =0 Yo € Har(T™)}
of Har(T?), which is an isomorphism from H to H~' ((0,1)").
Denote by
H2(0TVN) == {yov: v e H' (TV)},

where 7o is here the trace operator from H* ((0,1)") into Hz(0(0,1)N). The
space Hz (OTN) is smaller than Hz (8(0,1)N) due to the periodicity assumption on
elements from H* (TN ) Nevertheless H 2 (OT™N) is a Hilbert space with the induced
norm

12l 3 o) = veI;PfTN) ol (-
p="0v
Lemma 2.2. For all ¢ € Hz(9TN), there exists a unique R € Har(TN) such
that
YoRe = ¢ on (0, 1)V,
In, other words, Har(TN) is isomorphic to Hz (9TN).
The existence of the right inverse of the trace operator, seen as an operator
from the space of weakly harmonic functions to the space of H z-functions over the
boundary of a domain, is classical - see e.g. the much more general discussion in [I3]

§ 2.7] or the alternative approach in [0, Lemma 1.2].
Define

Vi={feL?((0,)Y) : (flg) = 0 Vg € Har(T™)},
Vi={f € L*((0,1)") : (flg) =0 ¥g € Har ((0,1)™)},
that are clearly two closed subspaces of L? ( (0,1)¥ ) Indeed by introducing V and
Vi as the closure of Har(T") and Har ((0,1)") in L? ((0,1)"), respectively,
Vo := Har(TN)"
Vi = Har((0,1)N)"
one sees that V and V are the L2-orthogonal complements of V and V4, respectively
— shortly: .
V=V and V=V
As Har(T%) C Har ((0,1)") and hence Vy C V4, we conclude that
Vcv.

We are going to need below a certain characterization of V{y. For that purpose,
we can notice that V{ is trivially included into the domain of A2 — the part of A
in L*((0,1)") -, i.e., into

D(Apz) :=={ve L*((0,1)N) : Ave L* ((0,1)N) },

which is a Hilbert space in its own right whenever equipped with the natural graph
norm )
3

v (1010 + 180132 o0
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It follows from the general theory of interior elliptic regularity that if u € D(Ap2),
then in general one only has u € HIQOC, hence a trace of u need not exist as an
element of L2 (8(0, Hy ) However, we can give a meaning of its trace on each face
as a vector in a suitable space of distributions. Indeed following [I1, Thm 1.5.3.4],
the space D([0, 1]V) — the set of the restriction of elements of D(RY) to (0,1)V — is
dense in D(Ay2) and for all i = 1,--- ,n, the trace operator

Vit UV U,

which is certainly defined for v € D([0,1]"), has a unique continuous extension
from D(A2) into (H=z(I';w)). We denote also this extension by 7;+. Here and
below we are denoting by I';+ the faces of the hypercube, which are defined by

i ={xe[0,1]Y 2, =0and z; € (0,1),Vj # i},
iy :={xc[0,1]" :2; =1 and x; € (0,1),Vj #i}.

Furthermore H 2 (I';1) denotes the subspace of elements w € Hz (T';+) such that @,
its extension by zero outside Iy, belongs to Hz (6(0, 1)N) .

Definition 2.3. Let s > . We call a function v € D(Ar2) UH® ((0,1)V) periodic
if it satisfies
(2.4) Yi—v = Tiyiqpv in (f{%(F )) , Yi=1,---,n.
~ /
Here T; : (H% (Tit )) — ( ) is the operator defined by means of

(T ¢) o= (0, T ) v € (AE(D)) g € AETL),
with
(T7 o) (xy, - 1, yxy) = (a1, ,0,-+ ,x,)  forae (x1,---,1,--  x,) € [t
Lemma 2.4. One has
Vo C{ve L?((0,1)N) : Av=0in D' ((0,1)") satisfying @)} .

Proof. As Har(TV) c H' (TV), any u € Har(T") clearly satisfies [24). Since
there exists C' > 0 such that

=

- = Toveroll < € (0320 + 180032 01ym)) T+ ¥ € D(Ar2),
we directly conclude that any v € Vj still satisfies (2.4)). O

Remark 2.5. Note that in particular any function in H*(T?) is periodic in the
sense of the above definition, and by Lemma 24l so is any element of H* (TN ) + W,
too.

3. AN EQUIVALENT INNER PRODUCT IN H}(T¥)
Lemma 3.1. For all f € H-Y(T") there exists a unique uy € H} (T™) such that
divVuy = f — ol f)-
An equivalent inner product in H=1(T™N) is therefore given by
(Vug|Vug)paeonys + po(fro(@), — f,g€ HHTY).
In the proof we will need a closed subspace H} (T™) of H' (T) defined by
HL(TN) = {u c HY(TN) . /

(0,H)N

u(z)dx = 0} .

By the Poincaré-type inequality
3C >0: H’UJHL2(TN) < CHVUHLz(TN)N,Vu S Hrln(TN),
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see e.g. [8, Prop. 5.44], which is based on the compactness of the embedding of
H((0,1)N) into L2((0,1)"), cf. [I1, Thm. 1.4.3.2]), we know that

U +— ||V’u||L2(TN)N
defines a norm on H} (T) that is equivalent to the standard H'-norm.
Proof. Given f € H1(TV), we set

fo=1—={f1),

where here and below the duality bracket is between H~1(T™) and H*(T?). Hence
fo € H-Y(TN) and satisfies

(fo,1) =0.

Now by the Theorem of Riesz—Fréchet there exists a unique solution uy € HY (TV)
of

(3.1) / Vuy - Vode = —(fo,v) Yo € HE(TN).
(0,H~
Since (fy,1) = 0, this identity remains valid on the whole H!(T"), namely
(3.2) / Vug - Vodr = —(fo,v) Yo € HY(TN).
(0,H)N
By choosing smooth enough test functions v, we see that
divVuy = fo in D' ((0,1)V),
or equivalently
(3.3) f=divVus + (f, 1).
According to (32), we have
HvufH%?(TN)N = —(fo,uy) < HfO”H*l(TN)HufHHl(TN)a
and by the equivalence of norm mentioned before, we get
uf L2(TN)N OllH-Y(TN) H=1(TN)-
[Vus| S Il foll S

Conversely (3.2)) is equivalent to

(f,v)z—/ Vuys - Vodz + (f,1){v, 1) Yo € H}(TV).
1)

Consequently
Iflla-1rny = sup  [{f, v)]
”U”HI(TN):l
< sw (/ Vu; - Vide +|<f,1>||<v,1>|>
”U”Hl(TN):l (Oxl)N
S Vugllzaemyy + [(f, D)
This completely proves the assertion. O

Remark 3.2. Let us briefly compare the theory we have just developed with that
introduced in [I6] in the one-dimensional setting. We define the “primitive” Py f €
LA(TN)N of any f € H-H(TV) by

Pxfi=Vus + “OT(f) (f— %) , Yfed 1Y)
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where Z and % denote the vector-valued functions

X 1
Z(J,'l,"' ,,TN))—}

N 1

Z:(xy,---,on) = | and

DOy
DO —

respectively. From this expression, we see that
divPy f = f in D' ((0,1)V),
and
(Pnf,a) =0 Va e CV.
It finally follows from Lemma B3] that the inner product
(fl9) -1~y = (PN fIPNg) L2(0vy + po(f)1o(9),
induces a norm equivalent to the standard norm of H~*(T%).

Note further that if f € L2(T"), then the solution uy € H! (T™) of (BI) belongs
to H2(T") and therefore Py f belongs to H'(T™)N.

Definition 3.3. We define an operator L from H' ((0,1)) to H by
Lf:=1d'(Af).
Observe that L is well-defined because Af € H=' ((0,1)N) forall f € H' ((0,1)").

Remark 3.4. If in particular f € H! (TN) N H? ((O, 1)N) satisfying Neumann
boundary conditions, then Lf = Af € L2((0,1))" ¢ H~* ((0,1)") and hence
in particular Id,'(Af) € H! (TN). Hence there exists by Lemma [B.1] a unique
urs € HL (TN) such that

Aury = Lf = po(Lf),

that is,

AuLf = Lf.
Because f — uo(f) € H}(TV), one can easily conjecture that
(3.4) ury = f — po(f)-

This is indeed the case, as

/ V(f—uo(f))-VT;d:z::/ Vf-Vode
(0,H)N (0,1)~

= / ﬁz’Jdac—/ Afvdx
2(0,1)~ On 0,1)N
= —/ Afvdr, Yve HL(TV),
(0,1~

by the Gaufi—Green formula.

Remark 3.5. Note that our definition implies directly that
po(Lf) = (1d,'Af,1) =0, V[ e H' ((0,1)"),

and that Id,,' Af = Af in D’ ((0,1)V).

Theorem 3.6. The space V and hence V are densely and compactly embedded in
H.
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Proof. Denote by H the closure of V in H. To prove that

H=H,
it then suffices to show that any f € H orthogonal to V is zero. Let f € H be
orthogonal to V, i.e.,

(fl9)a-1(rvy=0Vg e V.
As po(f) = po(g) = 0, we deduce that

/(Ol)NVuf-Vﬁgd:r_OVgEV.

According to (B]), we get equivalently
(fug) =0Vg e V.
But we will show below that
(3.5) {ug: 9 €V}+Har(TY) isdensein H' (TV),
and therefore as f € H, we deduce that f = 0 because
(fv)=0vve H' (TV).
It remains to prove (3.35). For u € H! (TN ), we have already noticed in Lemma [2.2]
that u—R(you) € H} ((0,1)V), therefore there exists a sequence of ¢, € D ((0,1)")
such that
Py — u — R(you) in Hy ((0, 1)N) as n — oo,

or equivalently
(3.6) Un + R(you) = uwin H' (TV) asn — oo.

Now for ¢ € D ((O7 1)N)7 we notice that Ly = Ay € V, i.e., At is orthogonal to

the (weakly) harmonic functions: In fact if v is a (weakly) harmonic function, then
exploiting the fact that 1 has compact support the GauB—Green formula yields

/ Aode = — / VVide = 0,
(O.1)N (.1)N

where the last identity follows by definition of (weakly) harmonic function. Fur-
thermore, uay = ¥ — po(y) by Remark B4
Applying these last remarks to ([3.6) means that

Uny, + po(¥n) + R(you) — win H' (TN) as n — oc.

As po(¥n)+ R(you) € Har(TV) and Av, € V, the density assertion in ([@3.5]) follows.
Finally, compactness follow by the compactness of the embedding H' (TN ) —
L? ((0,1)N). 0

We are finally in the position to prove a formula that can be seen as an H~!-
analogue of the usual GauB—Green-formula that hold with respect to the inner
product of L2.

Lemma 3.7. For all f € H! (TN) and all h € L? ((O, 1)N) one has

(3.7) (1, (AR =+ vy = = (FIR)aern) + (Ryof [P o).

Proof. For all f € H! (TN), as Af belongs to H ! ((O,l)N), we can set g =
Id,,' (A f) that satisfies 119(g) = 0 and consequently for all h € L2 ((0, 1)V) one has

(38) (g|h)H*1(TN) :/ V’U,g : PNh dLL',
o~

Pyxh = Vuy, + Ho(h) (f— 1) .

with

N 2
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Owing to (B]), we get
/ Vug - Vuy dz = —{g, up),
(0,1)N
and by the definition of Id;,', we obtain
/ R Vug - Vup de = —(Af,up, — Ryoup) = —(A(f — Ryof), un — Ryoun).
(0,1)

Hence by the definition of A(f — Rvof) as element of H~' ((0,1)V), we get

/ R Vug-Vupde = (V(f—Ryf)  V(un — Ryoup) dx
(0,1)
= —/ (f = Ryof)A(un — Ryoup) da.
(0,n)N
As Rrypup, is harmonic and Auy, = h — po(h), we get
(3.9) /( : Vug-Vuhd:E:—/ (f = Ryof)(h — po(h)) dz
0,1)N

(0,1)N

—— [ gndos [ Reofhdospon) [ (F = Rof)de
(0,1)N (o,H)N

(CRVR

On the other hand, one sees that

T
/ Vug- | Z— < dac:/ Vug - Vude,
oy 2 oy

where v € H' (TV) is defined by

v(x) =

T
[ V(@5 ) do=—tg.0)
(011)N 2

and again by definition of Id;l,

Hence (B2) yields

—

‘/(0 1)N vug . (f— %) dw = _<Af7'U — R'YO'U> = _<A(f — R’yof),v _ R/YO’U>'

As before we then obtain

—

| v (f— %) dz = —(f = Byof. Av = Ryov) = —N{f = Ryof.1).
(0,1~

This identity and [B3) in B8] yields the conclusion. O

Remark 3.8. Let us comment on the special case N = 1. Then for all h € L?(0,1)
Py h is equal to Ph defined as in [16, (2.5)]. Furthermore, also in view of Remark 2]
we find that V and V' agree with the two spaces with same name introduced in [16],

§ 2]. Therefore, the theory we develop in the present paper is a generalization of
that introduced in [16].
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4. OPERATORS IN THE SPACE OF ZERO MEAN FUNCTIONS

In this section we want to determine precisely two relevant realizations of the
Laplacian in H, the space of those functionals that annihilate periodic and (weakly)
harmonic functions.

We are going to consider the sesquilinear form a defined by

(a.1) ofo)= [ | s

with form domain either f{ or V. Since both V and V are dense in H by I:,emmfiBEL
the form a with domain V' or V is associated with a linear operator (A, D(A)) or
(A, D(A)), respectively, defined by

D(A) = {feffzageH:a(f,h):/ Vugy(z) - Vi (z) da Vhef/},
(0,1~
Af = ¢
and
D(A) = {feV:ngH:a(f,h):/ Vug(z) - Vg (x) dx VhEV},
(0,1~

Af = g.
Let us describe these two operators more precisely.
Theorem 4.1. One has
D(A) = VN (H,(TY)+ V),
Af = —I1d;'Af, VYfe D(A).

Observe that in view of Remark 25 each function in D(A) is weakly periodic.

Proof. Denote
K:=Vn(H(TY)+ V).

Let us first show the inclusion D(A) € K. Let f € D(A). Then there exists
g=Af € H,,}(T") (because g € H) such that

/ f(@)h(z)dz = / Vu,(z) - Vap(z)dz,  YheV.
(GRS (0, 1)~

But according to ([B1]) we then have equivalently
/ f(@)h(z)de = —(h,u,) = —/ h(z)ug() da, YheV,
(0,1~ (0,1~

because h belongs to L? ((O7 N ) This means equivalently that f 4w, is orthogonal

(in the L? sense) to V, i.e., f + u, belongs to Vj. As elements of Vy are harmonic
functions, we deduce that

A(f +ug) =0in D' ((0,1)N),
and by &3], we find
Af=—-ginD ((0,1)V).
This shows that Af belongs to H ! ((O7 1)N) and reminding that g belongs to H,
we get further
g = -1, (Af).
Similarly as element of Vj are weakly periodic and u, € H! (TN ) (hence weakly
periodic), we deduce that f is weakly periodic.



10 DELIO MUGNOLO AND SERGE NICAISE

Let us now prove the converse inclusion. Let f € K then g = —1d;, ' (Af) belongs
to H and by Lemma [B.7] we get for any h € V

(9lh)m = (fIh)rz,
as (Ryof|h)p2(r~y = 0. This shows that f € D(A) and concludes the proof. O
Theorem 4.2. One has
D(A) VO (Hy, (TY) + V1),
Af = —Id,'Af, VYfe D(A.

Proof. Denote

K:=vVnHLTY)+W).
Let us first show the inclusion D(Ap) C K. Let f € D(Ap). Then there exists
g=:Aof € H=H_(T") such that

/ f(x)h(z)de = / Vugy(z) - Vg (z) de, VheV.
(0, )N (0, )N

But according to [B1]) we then have equivalently

/ f(x)h(z)de = —(h,u,) = —/ h(z)ug(z) dz, Vh eV,

(0,H)N (o,H~

because h belongs to L? ( (0, 1)N ) This means equivalently that f 4w, is orthogonal
(in the L? sense) to V, i.e., f + u, belongs to Vi. As elements of V4 are harmonic
functions, we deduce that

A(f +ug) =0in D' ((0,1)),

and by &3], we find
Af=-ginD ((0,1)V).

This shows that Af belongs to H~! ((0,1)") and reminding that g belongs to H,
we get further

g=-1d.}(Af).
This shows the desired inclusion because by definition D(Ag) C V.
The converse inclusion is proved as in the previous Theorem by using Lemma

57 O

Remark 4.3. If one wants to study the Laplacian acting on functions on a more
general domain Q C RY, one may look for a Lipschitz-homeomorphism mapping
(0,1)" into Q. In this way, however, also the Laplacian on (0,1)" is transformed
into a different elliptic operator on 2. The following is a possibly more convenient
approach: Take a “partition” T' = {T'q,...,Tan} of 9Q such that

each set I'; C 0N is open,

the sets I'; are pairwise disjoint,

the union of their closures covers 02, and

such that each T'; is bijective (say, via some ;) to I'y4; foralli =1,..., N.

Define
HEQ) == {ue€ H((Q) : viu = ynyyuo0; on Ty, Vi=1,... N},

where +; is the trace operator on I';. In this way, we can regard in a natural way
the space H' (TN) as the space H: ((O7 1)N) with the partition I' made of faces of
the hypercube, and deduce that all the constructions of this paper can be extended
to consider realizations (with linear conditions on the moments of order 0 and 1) of
the Laplacians acting on functions over general domains €.
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5. WELL-POSEDNESS OF THE PARABOLIC PROBLEM IN THE SPACE OF ZERO
MEAN FUNCTIONS

In the previous section we have showed that the densely defined sesquilinear,
symmetric, form a is bounded and coercive both on V and whenever restricted
to V. Hence, from the general theory of forms we deduce that the associated
operators A and A generate a cosine operator function on H. Since we are especially
interested in diffusion-type problems, we want to mention explicitly the following
immediate consequence, where we are using the compact embedding of H* ((O, 1N )
in L% ((0,1)).

Proposition 5.1. Both operators —A and —A generate analytic, contractive, ex-
ponentially stable semigroups.

Hence, we can say that the abstract Cauchy problems associated with A and A
are well-posed. However, the challenge is now to understand just which are these
abstract Cauchy problem. The characterization of D(A) and D(A) in Theorem BTl
and Theorem [.2]is not very satisfying — and correspondingly poor is the description
of the differential equations effectively solved by the semigroups. Yet, we are able

to deduce well-posedness of the classical heat equation in the following weak sense.
Theorem 5.2. Let ug € D(A). Then the function
tu(t,) = e HMug(.)

solves

ou
E(t’ x) = Au(t, x), u(0) = wo,

with conditions

(5.1) / u(t,y)h(y)dy =0 Vh € Har ((0,1)V), t>0,
(0,H~
in the sense of distributions, i.e., for all t > 0 [&1) is satisfied and moreover
0
<—u(t, ) — Au(t, -),g> =0 for all g € Hj ((0,1)N) .
ot H—H'

Proof. 1t suffices to take into account Theorem and recall that the analytic

semigroup (e~*4);>0 maps ug into the domain of D(A) for all t > 0, and moreover
u solves

ou . ,

= (t, ) = Id;, Au(t, "), g for all g € H',

ot e

Now, Har(T%) is a closed subspace of H* (TN ) and H is its annihilator, we can
deduce that there is an isomorphism
J:H' (TV) /Har(TN) — H',
given by
<(p, 3[h]>H—H’ = <QD, h>H—1(TN)_H1(TN),VSO € H.
Then we have that

<%(t, ) = Id;, Ault, -),g> =0 for all g € H* (TN) ,
H—H'
and in particular
0
<8—1;(t, ) —Id;,  Ault, -),g> =0 forallgeD((0,1)"V).
H—H'
Now, the assertion follows from Remark 3.5 O

Similarly, exploiting instead Theorem 1] we can obtain the following.
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Theorem 5.3. Let ug € D(A). Then the function
t— ult,-) = eftAuo(-)

solves
ou
ot
in the sense of distributions, it is periodic in the sense of Definition[2.3 and satisfies
conditions

(5.2) / u(t,y)h(y)dy =0 Vh € Har(TV), t>0.
(0,H)~

(t,x) = Au(t, x), t>0, u(0) = wo,

Observe that in particular the constant functions belong to Har(T%), and there-
fore H contains all mean zero functions — i.e., all functions with vanishing moment
of order 0. Thus, if f € V (and in particular if f € D(A)), then

/ f(z)dx = 0.
(0, 1)~

Furthermore, the functions g; : (0,1)Y >z = (21,...,2,) = @; € (0,1) belong to
Har ((0,1)") for all i = 1,..., N. Hence: If additionally f € V (and in particular
it f € D(A)), then

/ f(x)dx:/ x; f(x)dz =0, i=1,...,N.
(0,H)~ (0,H)x~

In particular, for all £ > 0 both (e7*4);>0 and (e‘tA)tZO map any ug € H into
a function that has mean zero. Furthermore (e’tA)tZO maps any ug € H into a
function that has vanishing first linear moments along each axis, as such functions

are referred to in [19] § 9.6.5].

6. L?2-RESULTS AND INTERPLAYS WITH EXTENSION THEORY

It is well-known that if an operator that comes from a sesquilinear form generates
an analytic semigroup, then so does its part in the form domain. In this conclusive
section we will devote our attention in particular to the part in V' of the operator
A described in Theorem To begin with, we recall a celebrated result due to
M. Krein: Each closed, densely defined, symmetric, positive definite operator has
one smallest self-adjoint positive definite extension. This extension is nowadays
commonly called the Krein—von Neumann extension — cf. [2] for a brief introduction
to this subject including the connection with the so-called “buckling problem” of
mathematical physics, or [3] and [I8, Chapter 13] for very comprehensive overviews.

It turns out that such an extension can be also characterized as follows — this is
but a special instance of [3, Thm. 2.7].

Lemma 6.1. Let S be a closed, densely defined, symmetric operator on a Hilbert
space H = L2(2) such that S — eld is positive definite for some € > 0. Among all
its self-adjoint extensions there exists evactly one whose domain contains the null
space of S*: This is precisely the Krein—von Neumann extension.

Now, let S be the Laplacian on L*(T) defined on test functions only,
Sf=-Af,  feD(0.1)Y)

Then, S is clearly symmetric (but of course not self-adjoint) and negative definite,
and in fact it follows from the Poincaré inequality that S — eId is positive definite
for some € > 0 (for example, if one takes ¢ to be the lowest eigenvalue of the

L In the sense of forms: Let a1,a2 be two densely defined symmetric bounded elliptic forms
with associated operators Ay, Aa. If their form domains D(a1), D(a2) satisfy D(a2) C D(a1) and
a1(z,z) < as(z,z) for all z € D(a2), then A; is said to be smaller than As.
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Laplacian with Dirichlet boundary conditions). It follows from our construction
that the domain of the part Ay of A in the form domain V| i.e.,

DAy)={veV:AveV}

is orthogonal to the null space of S* (that is, to the space of (weakly) harmonic
functions.
Let Ax be the extension of Ay defined by

D(Ag) = D(Av) & Vi,
and
Agv = Ayvy, Yv=vodv1 € D(Ay)Dd V.
Hence Af is a selfadjoint operator in L2((0,1)"), and therefore — A is exactly the
Krein—von Neumann extension of S.

We thus obtain the following alternative characterization of the Laplacian under
conditions on the moments of order 0 and 1.

Theorem 6.2. The L?-realization — Ay of the Laplacian agrees with the reduced
Krein—von Neumann Laplacian as introduced in [3 § 2]. In particular,

Ay f=Af, Vf e D(Ay),
(and not only Ay f =1d, ' Af!).

Furthermore, because Q = T% is a bounded Lipschitz domain (hence a quasi-
convex domain in the sense of [3] § 5.1]) one can apply the general theory surveyed
in [3] and in particular by [3] Thm 6.5] — A is precisely the Laplacian with bound-
ary conditions given by

0
a—Z = D\IUWQ on 89,

where IN is the Dirichlet-to-Neumann operator associated with A on 952, defined
in a suitably weak sense, see [3, § 5-6].

Remark 6.3. In case of N =1 we recover in particular the boundary conditions
uw'(1) = u'(0) = u(1) — u(0) :

This in accordance with [16], Cor. 3.10] and also with the setting of [4]. The same
boundary conditions are also referred to as transparent conditions in numerical anal-
ysis and ¢’-interaction in mathematical physics, cf. respectively [12] [9] for an inter-
pretation of these conditions and a list of related references. While the Krein—von
Neumann extension is already known to have interesting connections with elasticity
theory, cf. [3], the observation that the associated heat equation enjoys conservation
of moments of order 0 and 1 seems to be new in the literature.
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