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A CLASSIFICATION OF ISOTROPIC AFFINE HYPERSPHERES

MARILENA MORUZ AND LUC VRANCKEN

ABSTRACT. We study affine hypersurfaces M which have isotropic difference
tensor. Note that any surface always has isotropic difference tensor. In case
that the metric is positive definite such hypersurfaces have been previously
studied in [2] and [?]. We first show that the dimension of an isotropic affine
hypersurface is either 5, 8, 14 or 26. Next we assume that M is an affine
hypersphere and we obtain in each of the possible dimensions a complete clas-
sification.

1. INTRODUCTION

The notion of a submanifold with isotropic second fundamental form was first
introduced in [12] by O’Neill for immersions if Riemannian manifolds and recently
extended by Cabrerizo et al. in [4] for pseudo-Riemannian manifolds. We say that
M has isotropic second fundamental form h if and only if for any tangent vector X
at a point p we have that

< h(X(p),X(p), h(X(p), X (p)) >= AMp) < X(p), X (p) >*.

If X is independent of the point p, the submanifold is called constant isotropic.
Given the similarities between the basic equations that charactherise the manifolds
and the important role played by the difference tensor it is natural to introduce
the equivalent notion of isotropy in affine geometry. That is, a hypersphere M has
isotropic difference tensor K if and only if for any tangent vector X at a point p
we have that

MK (X(p), X(p)), K(X(p), X(p))) = Ap)h(X(p), X (p))?,

where h is the affine metric on the hypersurface. Note that a 2-dimensional affine
surface is always isotropic. In case that the affine metric is positive definite such
submanifolds have been previously studied in [2] and [?]. In [2], beside a restriction
on the dimension, a complete classification was obtained in case that the affine
hypersurface is an affine sphere. In [?] a complete classification was given of 5
dimensional positive definite affine hypersurfaces.

In this paper we deal with the case that the induced affine metric has arbitrary
signature. We will first show that the restriction of the dimension remains valid in
the indefinite case. Even though the proof remains based on the Hurwitz theorem
it is essentially different from the proof in the definite case. This is because unlike
in the definite case, the unit tangent bundle at a point p is no longer a compact
manifold. Instead of this null vectors will play an important role in the proof of
the restriction of the dimension.

In the second part of the paper we will then restrict ourselves to the case that
M is an affine hypersphere and we will deduce that in that case the immersion also
has parallel difference tensor (and is a pseudo-Riemannian symmetric space). We
then look at each of the possible dimensions and determine in each case explicitly
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2 MARILENA MORUZ AND LUC VRANCKEN

by elementary means the form of the difference tensor and the possible examples.
Note that for this second part also a more involved Lie group approach would be
possible. We show the following theorems.

Theorem 1. Let M® ne a 5-dimensional affine hypersphere of RS. Assume that M
is A-isotropic with A # 0. Then if we identify RS with symmetric 3 x 3 -matrices,

1 0 0
then M is congruent with the connected component of A = [0 -1 0 |, of
0 0 -1

symmetric matrices with determinant 1.

Note that in the positive definite case we had the connected component of the
identity.

Theorem 2. Let M® ne a 8-dimensional affine hypersphere of R°. Assume that
M is M-isotropic with A # 0. Then if we identify

Theorem 3. Let M8 ne a 14-dimensional affine hypersphere of R?. Assume that
M is A-isotropic with A # 0. Then if we identify

Theorem 4. Let M8 ne a 26-dimensional affine hypersphere of R?. Assume that
M is A-isotropic with X # 0. Then if we identify

2. PRELIMINARIES

Let f : M — R"*! be a nondegenerate affine hypersurface immersion. Let D be
the covariant derivative on R"™! and € the volume form given by Q(u1, ..., ups1) =
det(ug, ..., uny1), such that R**! is endowed with its standard equiaffine structure
(D, Q). In a general setting, an affine manifold (M™, V) is said to be equiaffine if
there exists a volume form w, i.e. a non-vanishing n-form, on M which is parallel
with respect to V:

(1) (Vxw)(Xi...,Xn) =X(w(X1,..., X)) —w(VxXy,..., X)) — ...
— W<X1, .. ,VXXn>

In this case we may also say that (V,w) is an equiaffine structure on M. In what
follows, we briefly recall the construction of an equiaffine structure on an affine
hypersurface M™ in R"*1. For more details we refer to [13].

First, let p € M and X,Y € T,M. If we choose an arbitrary transversal vector
field n we can decompose

DxY = V7Y +h(X,Y)n.

It is easy to see that V" is a connection on M and h" is a symmetric bilinear form.
Note that the fact whether this bilinear form is degenerate or not is independent of
the choice of transversal vector field 7. As such M is called nondegenerate if and
only if this bilinear form is nondegenerate. Hence, locally there exists a volume
form on M associated to h", given by

o (X1, Xo) = /| det (X, X5) |.

Next, we want to introduce a canonical transversal vector field €. In order to make a
good choice, we define w,(X1,...,X,) = Q(X1,..., X,,n), for Xi,...,X,, vector
fields on M™ and we ask that the volume forms we and wpe coincide and that
(V&,we) is an equiaffine structure on M™. Notice that these conditions guarantee
the existence of a unique (up to sign) transversal vector field &, see [13]. It is called
the affine normal vector field, or the Blaschke normal vector field. For convenience,
we will denote from now on V := V¢,
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Finally, in terms of this transversal vector field we get for M the formulas of Gauss
and Weingarten, respectively, as follows:

DxY =VxY +h(X,Y)¢,
Dx¢=-5X,

where we call V the induced affine connection, h the affine metric, £ the affine
normal field or Blaschke normal field and S the affine shape operator. An affine
hypersurface is called a (proper) affine sphere if S is a (non zero) multiple of the
identity.

Moreover, let R denote the curvature tensor of M™. Then, the following fundamen-
tal equations hold with respect to the induced affine connection:

Gauss equation: R(X,Y)Z=h(Y,Z)SX — h(X, Z)SY;
Codazzi equation for h : (VR)(X,Y,Z) = (Vh)(Y, X, Z);
Codazzi equation for S : (VxS)Y = (VyS)X;

Ricci equation: h(SX,Y) = h(X,SY);

The Codazzi equation implies that for a proper affine sphere, the multiple of the
identity is constant, in which case by applying a homothety of the ambient space,
we may assume that S = eI, where ¢ = 1. Moreover we have that £ 4+ ¢f, where
f denotes the position vector, is a constant vector which is called the center of the
proper affine hypersphere. By applying a translation in the ambient space we may
of course always assume that the center is the origin.

As V is not necessarily compatible with the affine metric h, we can consider the
difference tensor K, a (1,2)-type vector field defined as:

K(X,Y)=VxY — VyY,

where V is the Levi-Civita connection on M. By convention, one may also write
KxY instead of K(X,Y). The classical Berwald theorem states that K vanishes
identically if and only if M is congruent to a nondegenerate quadric.
Proposition 5. We have the following properties for K :

(1) K(X,Y) = K(Y. X);

(2) for any X we have Y — KxY is a symmetric linear map and traceKx =0

(the apolarity condition);
(3) MK(X,Y),Z) = h(K(X, Z),Y).

It is easy to prove that Vi is related to K by:
Vh(X,Y,Z)=-2h(Z,K(X,Y)).

Moreover, the equations of Gauss, Ricci and Codazzi, respectively, may also be
written out with respect to the Levi-Civita connection as follows:

(2)
R(X,Y)Z = L{h(Y,2)SX — h(X,Z)SY + h(SY,Z)X — h(SX,Z)Y} - [Kx, Ky|Z,
{ VK(X,Y,Z) - VK(Y,X,Z) = 2{h(Y,Z2)SX — h(X,Z)SY — h(SY,Z)X + h(SX,Z)Y,}
{ (VxS)Y — (VyS)X = K(V,5X) — K(X,S8Y),
h(X,SY) = h(SX,Y),

where

[Kx,Ky|Z=KxKyZ—-KyKxZ
and . R A A
VE(X,Y,Z) = VxK(Y,Z) - K(VxY,Z) ~ K(Y,VxZ).
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We have the following Ricci identity:

(3) VEK(X,Y,Z,W) -V K(Y,X,Z,W) =
R(X,Y)K(2,W) — K(R(X,Y)Z,W) - h(Z, R(X,Y)W).

A nondegenerate hypersurface M of the equiaffine space R™t! is called locally
homogeneous if for all points p and g of M, there exists a neighborhood U, of p in
M, and an equiaffine transformation A of R"*! ie. A € SL(n+1,R) x R**!, such
that A(p) = g and A(Up) C M. If U, = M for all p, then M is called homogeneous.
Let G be the pseudogroup defined by

G={AecSL(n+1,R)x R"™|3U, open in M : A(U) C M},

then M is locally homogeneous if and only if G “acts” transitively on M. If M is
homogeneous, then G is a group and every element of G maps the whole of M into
M. The following proposition is probably well known, however, as we did not find
an explicit reference, we include a small proof.

Proposition 6. Let M™ be a nondegenerate homogeneous affine hypersurface. As-
sume that G C SL(n + 1,R). Then M is an affine sphere centered at the origin.

Proof. We denote the immersion by f. Let p and ¢ be in M and let g be the affine
transformation which maps p to gq. We have that

£(g9(p)) = dg(€(p)),
and

dg(f(p)) = g(f(p)) = f(q)

Moreover as M is homogeneous we know that the position vector can not be a
tangent vector at one point (and therefore at every point). Indeed if that were the
case, we would habe a tangent vector field X such that X (p) = f(p). This would
imply that Dy X =Y, and therefore h(X,Y) = 0 for any vector field Y. This
implies that the immersion f would be degenerate.

Therefore we may write £ = pf + Z, where Z is a tangent vector field and p a
function. As M is locally homogeneous and g belongs to SL(n + 1,R) it follows
that p is constant. The construction of the affine normal of [13] then implies that
M is an affine sphere centered at the origin. a

The equivalent notion in affine geometry for isotropic submanifolds from Rie-
mannian geometry, which was introduced by O’Neill in [12], corresponds to sub-
manifolds for which the difference tensor K is isotropic, that is, it satisfies:

h(K(XvX)’K(X’ X)) = /\(p)h(X,X)Q,

for some tangent vector field X. Here we will always deal with the case that A # 0.
Therefore, if necessary, by replacing £ with —¢, we may assume that A is positive
and therefore there exists a positive function y such that A = p?. We will also use
the following lemma from [13]:

Lemma 7. Let F: M — R™! be an equiaffine immersion. If the metric on R*T1

is indefinite, then the immersion is isotropic if and only if for any tangent vectors
X1,X9,X3,X4 € T,M, we have that

(4)
h(K (X1, X2), K(X3, X4))+h(K (X1, X3), K(X2, X4))+h(K(X1, X4), K(X2, X3)) =
A {h(X1, X2)h(X3, X4) + M( X1, X3)h(X2, X4) + h(X1, X4)h(X2, X3)}.
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By using lemma (7) and property (3) in Proposition 5 we get that an affine sub-
manifold M"™ in R"*1 is isotropic if and only if for any tangent vectors X1, X, X3, X4 €
T,M we have that

(5) KXlKX2X3 + KXQKXIXg + KX3KX1X2 =
A(p) (M X2, X3) X1 + (X1, X3) X2 + h(X1, X2)X3) .

Theorem 8. ([5]) Let (M}, h) be an n—dimensional simply connected pseudo-
Riemannian manifold with index k. Let V denote the Levi Civita connection, R
its curvature tensor and let T'M denote the tangent bundle of M}'. If K is a TM-
valued symmetric bilinear form on M satisfying that

1) W(K(X,Y),Z) is totally symmetric

i) (VK)(X,Y,Z) =VxK(Y,Z)- K(VxY,Z)— K(Y,VxZ) is totally symmetric,
iii) R(X7Y)Z =c(h(Y,Z2)X —h(X,2)Y)+ K(K(Y,Z),X) - K(K(X,Z2),Y),
then there exists an affine immersion ¢ : M — R"™! as an affine sphere with
induced difference tensor K and induced affine metric h.

Theorem 9. ([5]) Let ¢*,¢* : M — R"™ be two affine immersions of an
pseudo-Riemannian n-manifold (M, h) with difference tensors K', K2, respec-
tively. If

hKYX,Y),0.2) = W(K*(X,Y),$1Z)
for all tangent vectors fields X,Y,Z € T,M]', then there exists an isometry ¢ of
R such that ¢! = ¢ o ¢>.

3. POSSIBLE DIMENSIONS AND CHOICE OF FRAME

From now on we will always assume that M]' is an affine isotropic hypersurface
in R"*!'. Here n denotes the dimension and k the index of the affine metric. In
case that the metric is definite a classification was obtained already in [2], In view
of this we will also assume thay M is neither positive nor negative definite, i.e.
1 < k < n. Also recall that because of the properties of K any surface is isotropic.
Therefore we will also assume that n > 2. First, we have the following lemma:

Lemma 10. Let M}’ be an n-dimensional isotropic affine hypersurface and let
p € M. If for any null vector v € T,M we have that K (v,v) is a null vector such
that h(K(v,v),v) = 0, then the difference tensor K vanishes.

As its proof is very similar to the proof of Lemma 3.1 in [9], we omit it here.
From now on , we will assume that A # 0. By Lemma 10, there exists a null vector
vo such that vy and K (vg,vp) are linearly independent and h(vg, K (vo,vg)) # 0.
Using Lemma 7, we have that for any null vector u

(6) h(K (vo, vo), K (vo,u)) = Ah(vo, vo)h(vg, u) = 0.
As K, is a symmetric operator with respect to the metric h, we get that K, K,,v0 =
0. Moreover, taking in particular u = vy in (6), we get that K (vo,vo) is a null vec-

tor.
We can now take a null frame such that

€1 = Vo, €9 :KUOU().

By rescaling vg if necessary, we may assume that h(K (vo,vg),vo) = —4A%. Then we
get
M) h(ei,e1) = h(ea,e2) =0  h(er,ex) = —4)\2,
K(ei,e1) =e2, Kler,ez) = Ky, Kyyvo =0.
Using the isotropy condition in (5) for X; = X5 = e1, X3 = e5 we get that
K,es = —8)\%;.
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From relation (7) we can see that the space span{e1,es} is invariant under the op-
erator K.,. As the operator K., is symmetric with respect to the metric, it follows
that also the space span{e;, ez} is invariant under K., .

Now we follow precisely the computations of [9]. We get a basis {e1, e2, U1, ..., U, wi,wi, ...
which satisfies that {u1, ..., u,,wl, wi, ... wl, wh}isan orthogonal basis of {e;, e}
and

(8) h(ei,e1) = h(ez,e2) =0, h(er,e2) = —4N?,
h(ui,uj) = 61‘51']', E; = :tl, h(w?,w?) = 1, h(wg,wg‘) = 71,

K61€1 = €2, Kel(ig = O Kelui = )\ui,

Kowf = 2w — waQ, K.,w8 = -3 + Lwe,

Ke,eo = —8Xey,  Ke,u; = —2X\2u;,

(9) Ke,w® = 2w —V3A2WS,  Ke,w§ = V32w + A2ws,

Ko Kyuy = 285 (201 — e2),  Kuowf = LW, wf) — & (2he1 — ea),
K gws = L(w1 ,wl) & (2he1 —e2), Kyow§ = g@)\el + e2),

Koow) = L(wg,w)), k 161,2,1<oz7£ﬂ<r

In the above formulas, U and W correspond to the invariant subspaces of K.,
and the operator L is an operator on W x W defined by

1
4)\2/7,( W, e)er + e

which is a symmetric operator, satisfies ImL C U = span{us,...,ux} and

(10) L(w,®) = K,& + —h(K,0,e1)es, w,w€W.

L(wf‘,wg) = L(w%,wg), L(wf‘,wg) =0, ngcg‘z”‘ = @ (61 + %62) )
L(W?vwl) = L(W(lewz)v L(wf‘,wz) = _L(WSNH )-

(11)

As in [9] changing the frame by taking

(12) Ji=(2Xxe1 —e2)/(41°),  fo = (2Xe1 + €2)/(447),
we get that

(13) h(f1, f1) = =h(f2, f2) = €0, h(f1,f2) =0
and

(14)

Ky fr = —pnfr, Kpfo=upfo, Kpfo=-pf, Kpui=pu;, Kgu; =0,
Kpwf = —4uf, Kpws = —fus, Kpef=Yles, Kpwf = —Ygtuf,
Ky, uj = peogidijfi, Koows = @uaofg, K, awl = L(wf,w) — Seof1,
Kogws = L(w, wf) + Leofi, Kopw] = Lwd,w)),kl€1,2,1<a#B<r
Therefore, in order to determine the difference tensor explicitly, we only need to
determine all the terms L(wk,wl ), k,le{1,2},1 < a,B <r. In order to do so we

will summarize the above properties in a more invariant way.
Let I be the identity map and define for any w € W

(15) Tw = ;A <K61+ /\I>

We can easily check that T satisfies

Q

Twf
Twy

g, Tws = —wf, T*w=-w, hTv,w) = h(v, Tw),
w 2

w
w ngé = —W?, h(TU),T’U) = _h(w7v)7 h(TU,UJ) = h(’U,T’lU),

T T
7w17w2}7
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for w,v € W. In addition, from (11) it follows that L(w,Tv) = —L(v,Tw) and
L(Tw Tv) L(v w). We also have that L satisfies an isotropy condition. Indeed,
let w = Z aan + Z bﬁw2 By using (13) in lemma 7 we have

B=

h(Kyw,e1) = Z agagh(Ke, w 7(,ul Z babsh( Kele,wg)

a,f=1 o,p=1
+ Z aabﬁh(Kelwl 7w2 Z b aﬁh K61W2,UJ15)
(16) =1 =
A V3 ¢
= —3 Z anag —b bﬁ Y 5 Z aabb’ + baa5)5a5
a,p=1 o,B=1
Y 3\

Similarly, we obtain
(17) h(Kpw,es) = A2h(w, w) + V3A\2h(w, Tw).
By combining (10), (16) and (17) we get

1
7 —h(Kyw,e)h(Ky,w,es)

(18) = M(w, w)* + 2%\2 (—2>\3h(w,w)2 + 2)\3h(w,Tw)2>

h(L(w,w), L(w,w)) = h(Kyw, K,w) +

_ Z)\(h(w, w)? + h(w, Tw)?).

Liniarizing the previous expression for arbitrary vectors Wy, Wy, W3, Wy € W, we
obtain:

(19)
h(L(Wl, Wg), L(WQ, W3))+h(L(W1, VVg)7 L(Wg, W4))—|—h(L(W1, W4), L(WQ, Wg))
_ %(h(Wl, Wa)h(Wa, Wa) + h(Wr, Wa)h(Wa, W) + h(Wr, Wa)h(Wa, W)

+h(Wy, TWo)h(W3, TWy)+h(W1, TW3)h(Wa, TW4) +h(Wy1, TW,)h(Wo, TW3)).

Note that given a metric of neutral signature on {fi, fo}* and operators T and
L satisfying the previous conditions, we can define a frame such that (14) holds.
We start with a vector u € {f1, fo}* with length 1. Then T has length —1. We
now write w = au + bTu. The fact that w has length 1 and is orthogonal to Tw.
Then implies that

(a® = b*) +2ab < u, Tu >=1
(a® —b*) < u,Tu > —2ab = 0,

which determines a and b uniquely upto sign. It is then sufficient to take wi = w
and w3 = Tw and to complete the construction is an inductive way.

In what follows we are going to determine the possible dimensions of the studied
submanifold M™. In order to do this, we will use a well known result from the
theory of composition of quadratic forms, namely the '1,2,4,8 Theorem’ proved by
Hurwitz in 1898. One can find it for example in [15]. It states that there exists an
n-square identity over the complex numbers of the form

(20) (i 4. a2+ YR =2+ 2
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where X = (21,...,2,) and Y = (y1,...,yn) are systems of indeterminates and
each zp = 2;(X,Y) is a bilinear form in X and Y, if and only if n =1,2,4 or 8.
We are going to see how this result applies in our case and then determine the
values of L on the components of the basis in order to determine the difference
tensor of our immersion.

In order to apply the 1,2,4,8 Theorem, we are going to find conveniently defined
complex vector spaces and an operator which preserves lengths.
First, we denote by UC the complex linear extension of V' and by W¢ the complex
linear extension of W. We now take

Wy ={v+iTv|lv e W},
Wy = {w — iTw|lw € W}.

Note that these are indeed complex linear vector spaces as i(v+iTv) = F(TvFiv) =
(FTv+iT(FTv)) and we complexify the metric and the previously defined operator
L. Note that L is symmetric and that from the properties of L and T it follows
that the restriction of L to W; x Wi and Ws x W, vanishes identically. Therefore
in order to determine L it is sufficient to study L on

(21) L:W1XW2—>UC
L(w,®) = Ku@ + pzh(Ku®, e2)er + prh(Ku®, e1)es,

where UC := span{us,...,u,} over C.

Proposition 11. The operator L defined in (21) satisfies:
(1) For any vectors x € Wy and y € W, we have

(2 ML), L, y) = 2 b, o)y, )

(2) Given xqg in Wy such that h(zg,x0) = 1, we have that L(xg, —) preserves
norms in the sense that

3
h(L(any),L(x()vy)) = iuzh(yvy%vy € WQ;

(3) Given x¢ a non-null vector, we have that L(zg, —) : Wa +— UC is a bijective
operator;
(4) For any x,x’ € Wy,y,z € Wy we have that

(23) h(L(x,y), L(x', 2)) + h(L(2',y), L(x, 2)) = gu%(%fv')h(y,@-

Proof. (1) Take Wy = W3 = w; and Wy = Wy = ws in relation (19), where
wp (= v+ iTv € Wy and we := w — iTw € Wy. Using the proper-
ties of T in (15) and the fact that w; and we are orthogonal, we obtain
h(L(wr,ws), L(wr,ws)) = 22wy, wi )h(ws, ws).

(2) This property follows directly from the previously proved one.
(3) We linearize in the second argument in property (22), that is y ~ y + z,
for y, z € Ws and we get for arbitrary x € W,

(24) ML), Dl ) = S hi, o)y, =)
Fix x = xg, for z¢ arbitrarily chosen in W, and write equation (24) once
for y = y1 and once for y = yo. Assuming L(zg,y1) = L(xo,y2), as h is
nondegenerate and g is a non-null vector, we get that L(xzq, —) is injective.
This gives dim Im(L(zg, —)) = dim W, = 7, but, as dim U® = r, we obtain
that L is also surjective.
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(4) The property in (23) follows immediately by liniarizing in (24) for z ~-
z+ ' \Vx, 2’ € Ws.
O

Theorem 12. Let M}} be a A-isotropic affine hypersurface. Assume that X # 0.
Then either n = 2,5,8,14 or 26.

Proof. We assume that n > 2. We can write out equation (22) for the elements of

the bases. For more convenience, choose {€;};—(1,...r} {fj}j={1,..0}» {9k b o={1,....r}
i

bases for U, Wi, Ws, respectively, and let u = Z uie;, v = y_ vjf;. With this

choice, relation (22) becomes

(25) (W4 Fud)WP 4. ) =22

where L(e;, f;) = IF Sgk and 2z = Z uzv]f] Equation (25) yields an r-square
ij=1
quadratic equation. Thus, we may apply now the theorem of Hurwitz and obtain

r =1,2,4,8, which implies that n = 5, 8, 14, 26. a

4. TSOTROPIC AFFINE HYPERSPHERES
From now on, we will assume that M is a A-isotropic affine hypersphere with
A#£0.

Proposition 13. Letn > 3 and M™ be an n-dimensional affine A-isotropic hyper-
sphere in R™"t1. Then M™ is constant isotropic.

Proof. Let e} = fi1,eh := fg,eg = UL, €y = Up, g = W, € =
w1, €515 = ws. Then {e},..., e} } is an orthogonal basis with h(e}, €}) = €:6;;,&; =
+1. We denote by Ric the RICCI tensor of M™ with respect to the affine metric
h. As M™ is an affine sphere, we have that the shape operator is a multiple of
the identity, say S = ¢I. Using as well the Gauss equation in (2), the apolarity
condition in proposition 5 and the isotropy condition (4) we have

Ric( e Z& € €; i)ers ;)
(26) = h(s(sjéjkei —cidine;) — [Ker, Kerleg, €)
:n€€j(5jk—65j5jk—25i KeiVKe_j]ek7ei)'

For k # j we obtain

R’LC e]76k Zel Ke ,K ]ekv z)

eih(K (e}, €)), K (e}, ¢},))

AR

&
Il
_

—
[\
3
~

I
‘M:

eih(K (e, e;), K (€}, ¢€}))

(A

I

|
DO | =
'Mﬁ

i=1
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and for k = j

Ric(el,e’) =

VR

eh(K (e, e:), K(e;,e))

%] AR

'Mz

i=1

~—~
)
3
S~—
I
INgE
NN

[—h(K (€], €}), K (€}, €5)) + 2A(p)dij + A(p)eie;]

VER
i=1
n
= (5 + 1) EA(p).
Since n > 3, by using the fact that the Levi-Civita connection on M™ is torsion
free and using the second Bianchi identity, we get that A is constant. ad

Similarly to [9], Proposition 3.6, we can prove the following:

Proposition 14. Let M™ be an n-dimensional affine submanifold in R" 1. If M™
is constant isotropic with A # 0, then M™ has parallel difference tensor.

Proof Since M™ is constant isotropic, we have A\ = h(K(v,v), K(v,v)) and
by taking the derivative, we obtain h(V, K (v,v), K(v,v)) = 0,Yp € M™ Vu,x €
T,M" h(v,v) = 1.

In the isotropy relation (4) we take X; = V v, Xo = X3 = X4 = v and obtain
WK (V,v,v), K (v,0)) = A(Vyv,0)h(v,v) = 0, for h(v,v) = 1. This implies

(29) h(VE) (x, v, v). h(v, ) = 0.
for any v, x € T, M" such that h(v,v) =1 and in particular, we have
(30) h((VE)(v,0,v), h(v,v)) = 0,

Further on, we take the derivative with respect to some vector U € T,M" in
equation (4) for X1 = X2 = X3 = v, X4 = w and for h(v,w) = 0 and obtain
h(VE)(v,0,0), K (v,w)) = h((VE)(v, v,w), K (v,v)) = 0.

As VK is totally symmetric, using also (29) we have
(31) hM(VE)(v,v,v,), K (v,w)) =0,
for any v, x € T, M™ such that h(v,v) = 1. We can write K (v, K(v,v)) = av + bw,
for v € T,M", w an (n — 1)-dimensional tangent vector , h(v,w) = 0. Since

(K (v, K(v,v)),v) = h(K(v,v), K(v,v)) = A,

h(K (v, K(v,v)),w) = bh(w,w) =0,
we get a = A\, b = 0 so that K (v, K(v,v)) = Av. If we take w = K (v,v) in equation
(31) we get
(32) A(VE)(v,v,v),v) = 0.
As X\ # 0, using (32) and the symmetry of VK, we also have VK = 0.
Proposition 15. Let n > 3 and M"™ be an n—dimensional A\—isotropic affine
hypersphere in R™" Y, such that S = eI, with € constant. Assume that X # 0. If

R is endowed with an indefinite metric and M™ is not totally geodesic, then M™

is a locally symmetric space and A = 7%5,

Proof. From the previous propositions we conclude that VK = 0. Hence, by the
Gauss equation we have VR = 0, which means that M" is a locally symmetric
space. Using the Ricci identity, from VK = 0 we also have R.h = 0, that is

(33) R(X,Y)K(Z,W) - K(R(X,Y)Z,W) - K(Z,R(X,Y)W) =0,
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for X, Y, Z, W tangent vector fields. If we take X = Z =W = f1,Y = f5, it implies

(34) R(f1, f2)K(f1, f1) = 2K (R(f1, f2) f1, f1)

and then, from Gauss equation we have

R(f1, f2)fr = —(e+2)\) f2,
which together with (34) implies € + 2A = 0. O

Proposition 16. Letn > 3, fi : M{* — R" and fy : M* — R"™ be n—dimensional
A—isotropic affine hypersphere in R"T1, such that S; = Sy = eI, with ¢ = +1
constant. Let p1 € My and pa € My and assume that there exists an isometry
AT, My — Ty, My such that

AKl(v,w) = KQ(AU,AU]),

i.e. A preserves the difference tensor. Then there exists a local isometry F :
(My,h1) — (Ma, ha) such that

dF (K 1(X,Y)) = Ko(dF(X),dF(Y)),

for any vector fields X,Y on My. Moreover the immersions f1 and fooF are locally
congruent.

Proof. From the previous propositions we know that A is a constant, and that with
respect to the Levi Civita connection M; and M, are locally symmetric spaces
whose difference tensor is parallel with respect to the Levi Civita connection.

We take p; € M7 and we take a basis {e],... e}, } of T,,, M. As A is an isometry
we take as basis of T),, My the vectors {Ae], ..., Ae),}. By the initial conditions we
have that

We now extend {e],...,el,} to a local differential basis {X;,...,X,} by paral-
lel translation along geodesics with respect to the Levi Civita connection of the
affine metric. In the same way we extend {Ae],..., Ael } to local vector fields
{Y1,...,Y,}. As the difference tensors are parallel, we have that the components
of the difference tensor stay constant along geodesics. Therefore by construction,
we have that

hl(Xia X]) = h2(}/;7 )/})7

ha (K1 (X, X5), X)) = ho (K2 (Y3, Y5), Vi)
Hence by the lemma of Cartan, see [7] we know that there exists a local isometry F’
such that dF(X;) = Y;. In order to complete the proof it is now sufficent to apply
Theorem 9. o

So in order to complete the classification it is now sufficient to determine, up to
isometries, the possible forms of the difference tensor and for each of those forms
obtained to determine an explicit example of an affine hypersphere with isotropic
difference tensors. This is done explicitly for the 4 remaining dimensions 5, 8, 14
and 26 in the next sections.
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5. AFFINE HYPERSPHERES OF DIMENSION 5

5.1. The form of L, dimi/ = 1. We start with w = v + iTv € W, a vector of
length 2. As the length of w is 2 it follows that v has unit length and is orthogonal
to Tv. So we can take wl = v and wi = Tw. Note that by the properties of L we
have that L(v + iTv,v — iT) is a real vector in U® whose square length is 3u2.
Hence we can pick a unit vector u; in U such that

L(v 4+ iTv,v — iTv) = V3pu,.
By the properties of L this implies that

L(wivo‘}%) = §/~LU1~

From the properties of T we see L(wi,wl) =0 and L(w},w]) = L(wid,w]), hence L
is completely determined. Therefore L and also K are completely determined and
the signature of the metric, if necessary after replacing £ by —¢ in order to make
A > 0, equals 2.

5.2. A canonical example.

We consider R® = s(3) as the set of all symmetric 3 x 3 matrices and we take as
hypersurface M those symmetric matrices with determinant 1. We define an action
o of SL(3,R) on M as follows

o SL(3,R)x — M, such that (g,p) — o,(p) = gpg” .

Note that M has two connected components and that the action is transitive on each
of the connected components. The connected component of I has been studied in
[2] where it was shown that it gives a positive definite isotropic affine hypersurface.
It also appears in [8]. Here we are interested in the component of the matrix

1 0 0
A=10 -1 0 |, which we denote by M;. So M; = {gAg”|g € SL(3,R)}.
0o 0 -1

The isotropy group of A consists of the matrices g of determinant 1 such that
gAg" = A. This Lie group is congruent to SO(2,1) and therefore, by Theorem 9.2
o

Note that, of course, every element of SL(3,R) acts at the same time also on s(3)
and that this action belongs to SL(6,R), see [13]. This implies that M is at the
same time an homogeneous affine hypersurface and by Proposition 6 an equiaffine
sphere centered at the origin.

In order to determine the tangent space at p = gAg”, we look at the curves in
My

of [3], we know that M is locally isometric with

sXAesXT T

v(s) = ge g

These are indeed curves in Mj, provided that eX € SL(3,R) or, equivalently,
provided that Tr X = 0. Note that 7/(s) = ges* (XA + AXT)eSXTgT, where
v=(XA+ AXT) is a symmetric matrix. So by using a dimension argument we
see that the tangent space is given by

{gvgTlv =2XA, XA = AXT Tr X =0,X € R*3} = T, M.
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Working now at the point 4, taking g = I and X € so(2,1) = {X € R¥3|Tr X =
0, XA = AXT} we see that

Vv/(s)’yl(s)+h(’7,77/) = /I(s)

S (4X2 ) sxT

5X((4X2 (X)) A)e X 4 4 Tr(X2)es X AesX”
T

X ((AX? = 2 Te(XP)DA)e™™ + 2 Te(X?)y(s).

As the matrix (4X? — %Tr(XZ)I) commutes with A, we can decompose the above
expression into a tangent part and a part in the direction of the affine normal given
by the position vector, and therefore we find that

(Y (5),7'(s)) = 3 Tr(X?).

So we see that s is a constant length parametrisation of the curve v and therefore
we have that h(7',V,+') =0 and

(v, V') =h(y', K(v,7))
In addition, we have
Y"(8) = V() V()Y (8) + h(v' s Ay + h(v K (V2 )y
=X (8X3A)65XT
— X (38X — 8 Te(X*) ) A)e™X 4+ 8 Tr(X)x(s).

So therefore working at s = 0 and writing v = 2X A as tangent vector, we obtain
that

h(v,v) = § Tr(X?),
h(v, K(v,v)) = 8TrX3

Linearising the above expressions, i.e. writing v = ajv; + agvs, respectively v =
a1v1 + agvs + agus, for v = 2X; A0 = 1,2, 3, and looking at the coefficient of ajas,
respectively ajasas, we obtain that

h(vy,v9) = %Tr(Xng) = %Tr(XgXl)
6h(K (v1,v2),v3) = %(TerXng + Tr X3X1Xo + Tr XoX3X; + Tr X7 X3Xo + Tr X3 XX + Tr Xo X, X3)
= 8(Tr X1 X2 X35 + Tr X2 X3 X3).
So we see that
K(v1,v2) = 2(X1 X2 + X2 X5 — %Tr(Xng)I)A.

Indeed, we have that (X; Xo+ X2 X — % Tr(X1X3)I) has vanishing trace, commutes
with A and therefore K (v1,v2) is indeed the unique tangent vector such that

h(K(”Ul,’UQ),Ug) = %(TI‘(XlXQXg) + TI'(XQXng)).

As by Cayley Hamilton, for a matrix X with vanishing trace, we have that X3 =
1/2Tr(X?)X + det(X)I, we deduce that

Tr X* = L(TrX?)?,
and therefore we have that
MK (v,v), K(v,0)) = 3 Tr(2X? — 2 Tr X°I)?
(4TYX4 3(TrX?)°Trl — §(Tr X?)?)
X?)?
,v))%

/\

N|= ©J00 Wl wm

/-\
/\
<
<
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Hence M is isotropic with positive A\. A straightforward computation also shows
that the index of the metric is 2. Combining therefore the results in this section
with Proposition 16 and the classification result of O. Birembaux and M. Djoric,
see [2] in the positive definite case, we get the following theorem:

Theorem 17. Let M be a 5-dimensional \-isotropic affine hypersphere, with A # 0.
Therefore, if necessary, by changing the sign of the affine normal, we may assume
that X\ is positive. Then either

(1) the metric is positive definite, M is isometric with S;o(;zéﬂi) and M 1is affine

congruent to an open part of the hypersurface {gg*|g € SL(3,R)} of R® =
s(3) CR3X3 | or
(2) the metric has signature 2, M is isometric with SLBE) ond M is affine

50(2,1)
congruent to an open part of the hypersurface {gAg™ |g € SL(3,R)}, where
1 0 0
A=[0 =1 0 |, of R =5(3) CR3*3 .
0 0 -1

6. AFFINE HYPERSPHERES OF DIMENSION 8

6.1. The form of L, dimU = 2.
Let W = span{wi,w}, w? w3} and Wy = span{w] +iws,wi+iw3}, Wa = span{wi —
iwl, w? —iw3}. Remark that all the bases are orthogonal and in addition

h(wi + iwy, wy +iwy) = h(w? + iw, Wi + iw) = 2,
h(wi — iws, wi —iwg) = h(w? — w3, w? —iws) = —2.

Then, straightforward computations lead to

L} + bl — iw}) = 2L(w},w]),

(35) L(w} +iwd, w? —iw?) = 2L(w},w?) — 2iL(wi,w3),
L(w? + iw3, wi —iwd) = 2L(wi, w?) + 2iL(wi,wi),
L(w? + iw3, w? — iwd) = 2L(w?, w?).

Notice that the vector L(w] + iwj,wl —iw}) is a real vector of length 3u%. So we

can pick u; € U, h(u1,u1) = 1 such that
(36) L(wi +iwd, wl —iwl) = V3uu,.

With this choice, from property (24) we obtain that L(w; + iws,w? — iw3) is or-
thogonal to u;. Moreover as its length is a real number, we must have that
Re(L(wi + iw},w? — iw?) and Im(L(w] + iw,w? — iw3) are orthogonal to each
other. As they are also both orthogonal to u1, one of them has to vanish. There-
fore, we get two cases:

Case II-1. Re(L(wi + iws,w? —iw3)) =0

Now we obtain that L(wi,w}) = 0 and L(wi +iwl, wf —iw3) is an imaginary vector
of length 312, orthogonal to w;. Thus, we can pick us € U in the direction of
L(w} + iwd, w? — iw?) such that h(uz,us) = —1 and such that

(37) L(w} 4 iws, w? — iw?) = iv3uusy.

Consider now L(w? + iw?, w? —iw3). It is a real vector orthogonal to ug, of length

3u? and thus we can write L(w} + iw3,w? — iw3) = £v/3puu;.
Furthermore, from (35), (37) and Proposition 11- (4), we obtain
3u% = —h(L(w] + iws, w? —iw?), L(w? + w3, w] —iw)))
= h(L(w] + iwg,w] — iwy), L(w? + iw3, wi — iw3))

= V3uh(uy, L(w? + iw?, w? — iw?)).
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So we get that L(w? + iw3,w? —iw3) = v/3uuy. In this case, the signature of the
metric is 4.

Case I1-2. Im(L(wi +iwd, w? —iw3)) =0

Reasoning in a similar way, we choose us € U a real vector in the direction of
L(w} +iwd, w? —iw?), with h(ug, uz) = 1 such that L(w] +iwl, w? —iw?) = V3uus.
We find L(w? + iw?,w? — iw3) = —v/3uu; and in this case the signature of the
metric is 3.

6.2. Two canonical examples.

First we consider R as the set of Hermitian symmetric matrics Y € C3*3. We take
as hypersurface M those Hermitian symmetric matrices with determinant 1. We
define an action o of SL(3,C) on M as follows

o: SL(3,C) x M — M, such that (g,p) — o,(p) = gpg” .

Note that M has two connected components and that the action is transitive on each
of the connected components. The connected component of I has been studied in
[2], where it was shown that it gives a positive definite isotropic affine hypersurface.
It also appears in [8]. Here we are interested in the component of the matrix

1 0 0
A=1[0 -1 0 |, which we denote by M;. So M; = {gAg’|g € SL(3,R)}.
0o 0 -1

The isotropy group consists of the matrices g of determinant 1 such that gAg” = A.
This Lie group is congruent to SU(2,1) and therefore, by Theorem 9.2 of [3], we

know that M is locally isometric with Sé((?; %

Note that of course every element of SL(3,C) acts at the same time also on R? in
a linear way and that, therefore, this action belongs to GL(9,R). A straightforward
computation shows that this action actually belongs to SL(9,R). This implies that
Mj is at the same time an homogeneous affine hypersurface and, by Proposition 6,
an equiaffine sphere centered at the origin. So, in order to determine the properties
of My, it is sufficient to look at a single point.

In order to determine the tangent space at the point p = gAg”, we look at the
curves in M;

7(s) = geX AesX g7

These are indeed curves in M; provided that e*¥ € SL(3,C) or equivalently
provided that TrX = 0. Note that 7/(s) = ge** (XA + AXT)e sX" 5T where

= (XA + AXT) is a Hermitian symmetric matrix. So by using a dimension
argument we see that the tangent space is given by

{gvgT v =2XA, XA = AXT Tr X =0,X € C*3} = T, M.
Working now at the point A, taking g = I and X € su(2,1) = {X € C*°|Tr X =
0, XA = AXT} we see that
Va7 (8) + h(v, 7 )y =" (s)
S 4X2 )
(X% - AT (XD AN + 4 Tr(X?)es X AesX
(

X ((AX2 = ATr(X2) DA™ + 4 Tr(X2)y(s).

(
sX(
(

As the matrix (4X2 — %Tr(X 2)I) commutes with A, we can decompose the above
expression into a tangent part and a part in the direction of the affine normal given
by the position vector, and therefore we find that

(Y (5),7'(s)) = 3 Te(X?).
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So we see that s is a constant length parametrisation of the curve + and therefore
we have that h(y',V,+') =0 and

h(y', V') = by, K(Y, 7).
As
V"(8) = Vo (s)Viyr(9)7' (8) + Ry, 907 + (Y K (7 )y
=X (8X3A)65XT
= X ((BX? = ETr(X) D) A)es X 4 E Tr(XP)y(s),
working at s = 0 and writing v = 2X A as tangent vector, we have that
h(?),?)) = %TI‘(XQ),
h(v, K (v,v)) = § Tr X°.

Linearising the above expressions, i.e. writing v = a1v1 + asvs, respectively v =
Q11 + aove + aizvs, for v = 2X;A, i = 1,2, 3, and looking at the coefficient of oy,
respectively ajasas, we obtain that

h(vi,v2) = 3 Tr(X1X2) = § Tr(X2Xy),
6h(K (v1,v2),v3) = %(Tr X1Xo X3+ Tr X3 X7 Xo + Tr XoX3X71 + Tr X7 X5X5 + Tr X3 Xo X7 + Tr X5 X7 X5)
= 8(Tr X1 X0 X5 + Tr X2 X1 X3).
So we see that
K(v1,v2) = 2(X1 X0 + Xo X7 — %Tr(Xng)I)A.

Indeed, we have that (X3 X5 + Xo X7 — % Tr(XY)I) has vanishing trace, commutes
with A and therefore K (vy,vs) is indeed the unique tangent vector such that

h(K(’Ul,UQ),’Ug) = %(TI‘(X1X2X3) + TI‘(XQXng)).

As by Cayley Hamilton for a matrix X with vanishing trace we have that X3 =
1/2Tr(X?)X + det(X)I, we deduce that

Tr X* = % Tr X2,
and therefore, we have that
h(K (v,v), K(v,v)) = 2 Tr(2X? — 2Tr X?21)?
AT X' + 2(TrX?)*Trl — 3(Tr X?)?)
= %(TTX2)2
= 3(h(v,0))%
Hence M; is isotropic with positive A\. A straightforward computation also shows
that the index of the metric is 4.

Next, we consider R? = R3*3. We take as hypersurface My those matrices with
determinant 1. We define an action o of SL(3,R) on M as follows

o: SL(3,R) x My — My, such that (g,p) — o4(p) = gp.

4
3
4

The isotropy group of the identity matrix consists only of the identity matrix.
Therefore, by Theorem 9.2 of [3] we know that M, is locally isometric with SL(3,R).

Note that, of course, every element of SL(3,R) acts at the same time also on RY
in a linear way and that therefore this action belongs to GL(9,R). A straightforward
computation shows that this action actually belongs to SL(9,R). This implies that
M is at the same time an homogeneous affine hypersurface and, by Proposition 6,
an equiaffine sphere centered at the origin. So in order to determine the properties
of Ms it is sufficient to look at a single point.
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In order to determine the tangent space at a point p, we look at the curves in
My
(s) = e Xp.
These are indeed curves in My, provided that e*X € SL(3,R) or equivalently,
provided that Tr X = 0. Note that 7/(s) = e*XXp, so by using a dimension

argument we see that the tangent space is given by
{Xp|Tr X =0,X € R¥3} = T, Ms.

Working now at the point I and X € sl(3,R) = {X € R3¥*3|Tr X = 0}, we see
that

Va9 (8) + 1,7y = 7"(s)
— eSXX2
= e (X? — 1 Te(X?)I) + £ Tr(X?)e*X
= e (X7 = FTR(X)D) + 5 Te(X?)(s).
As the matrix (X2 — 1 Tr(X?)I) commutes with e** and has vanishing trace, we
can interprete e*X(X? — 1 Tr(X?)I) as a tangent vector at the point e**. By

decomposing the above expression into a tangent part and a part in the direction
of the affine normal given by the position vector, we deduce that

h(v'(5),7'(s)) = 5 Te(X?).
So we see that s is a constant length parametrisation of the curve v and therefore
we have that h(7',V,+') =0 and

h(’}/a V’y/’y/) = h(’}/a K(’ylv '7/))
As
7" (8) = V) Var (97 (8) + h (v, Y ) + bV K(V A )y
—_ eSXX3
= N (X - LT (X DX 4 L Tr(XP)y(s),
working at s = 0 and writing v = X as tangent vector, we have that
h(v,v) = %Tr(XQ),
h(v, K (v,v)) = + Tr X°.

Linearising the above expressions, i.e. writing v = ajv; + asvs, respectively v =
a1v1 + aove + agvs, for v; = X;,1 = 1,2, 3, and looking at the coeflicient of o as,
respectively ajasas we obtain that

h(Ul,Ug) = %TI‘(XlXQ) = %TI‘(XQX:L),
Gh(K(’Ul, ’UQ),Ug) = %(TerXQX:; + TI‘X3X1X2 + TI‘XQXgXl + TI‘X1X3X2 + TI‘X3X2X1 + TI‘XQXng)
(TrX1X2X3 -|—TI'X2X1X3).

So we see that
K(v1,v2) = 5(X1X2 + X2 X1 — 2 Tr(X1 Xo)J).

Indeed, we have that (X;Xo + XoX; — %TF(X17X2)I) has vanishing trace and
therefore K (v1,v9) is indeed the unique tangent vector such that

h(K(Ul,U2)7’l)3) = %(Tr(XngXg,) + TF(XQXng))

As by Cayley Hamilton for a matrix X with vanishing trace we have that X3 =
1/2Tr(X?)X + det(X)I, we deduce that

TrX* = 1(TrX?)%,
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and therefore we have that

h(K (v,v), K(v,v)) = £ Tr(X? — 1 Tr X*I)?
= L (Tr X' + 3(TrX?)°Trl — 2(Tr X?)?)
= = (TrXx?)?
= 3(h(v,v)).

Hence M is isotropic with positive A\. A straightforward computation also shows
that the index of the metric is 3.

Combining therefore the results in this section with Proposition 16 and the
classification result of O. Birembaux and M. Djoric, see [2] in the positive definite
case, we get the following theorem:

Theorem 18. Let M be a 8-dimensional A-isotropic affine hypersphere, with A # 0.
Therefore if necessary by changing the sign of the affine normal we may assume
that X\ is positive. Then either

(1) the metric is positive definite, M is isometric with S;ég(’é«):) and M 1is affine

congruent to an open part of the hypersurface {gg*|g € SL(3,C)} of R,

identified with the space of Hermitian symmetric matrices, or

(2) the metric has signature 4, M is isometric with gé(é% and M is affine

congruent to an open part of the hypersurface {gA|g”|g € SL(3,C)} of R?,

1 0 0
where A= |0 —1 0 |, identified with the space of Hermitian symmet-
0 0 -1

ric matrices, or

(8) the metric has signature 3, M is isometric with SL(3,R) and M is affine
congruent with SL(3,R) considered as a hypersurface in R? identified with
R?’X?’.

7. AFFINE HYPERSPHERES OF DIMENSION 14

7.1. The form of L, dimUC = 4.
We start with wy; € W a vector with length 1. As L(wy + iTwy,wy — iTwy) is a
real vector in U with length 3u? there exists a real unit length vector w; in U such
that

L(wy + iTwy,w; —iTwy) = \/?;uul.

We now complete u; to a basis of U by choosing orthogonal wuso,us,us in {u;}+
such that h(ug,ur) = ek, where e = 1. We also introduce dj, for k=2,3 4, by

6k = i, if Ek = -1 and (Sk = 1, if EL = 1.

Now we apply Proposition 11, which tells us that we can find vectors ws, w3, wy
such that

L(wy + tTwy, we — iTwy) = \/§u52u2,
L(w1 + iTwl,wg - ZTUJg) = \/3&63713,
L(’LU1 + iTwy, wy — iTw4) = \/§M54U4.

The first two properties of Proposition 11 then tells us that {wy, Twy, ..., ws, Twy}
is a basis of W, as in Lemma 7. Of course the previous equations also imply that

L(wg + iTwy,w; —iTwy) = \/gugkuk.

We now look at L(ws + iTwe, w3 — iTws). From the last part of Proposition
11 it follows that this vector is orthogonal to L(wy + iTwe, wy — iTwy), L(w; +
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iTwy, w3 —iTws) and L(wy + iTwy, w; — iTwy). So this implies that there exists
a complex number b4 such that

L(ws + iTwy, w3 — iTws) = byuy.
Similarly, we have that

L(wg + iTwy, wy — iTwy) = byug,

L(ws + iTws,ws — iTwy) = baus.
Using again Proposition 11 we see that there exists real numbers ¢; such that

h(L(wy, + iTwg, w, — iTwy), L(wy + iTw, wy, — iTwy)) = cpug.
From
(38)  h(L(wy + iTwy, wy, — iTwy), L(wy + iTwy,wy; —iTwy)) =
— h(L(wg + tTwg, wy — iTwy), L(wy + iTwy, wg — iTwy)),

it follows that ¢, = —v/3puer. Next we use the fact that for different indices k and
¢ we have that

(39) h(L(wk + T wy, w, — ika), L(U)z + iTwe, wy — ing)) =
— h(L(wg + iTwg, we — iTwy), L(we + iTwe, wy, — iTwg)).
Expressing this for the different possibilities for k£ and ¢ we find that

3/126263 = —|b4|254
3uleoey = —|b3|253
3/126463 = —|b2|264.

Hence, up to permuting the vectors, we see that there are two possibilities. Either
€9 = €3 = €4 = —1, in which case the index of the metric is 8 or e = —1 and
€3 = €4 = 1, in which case the index of the metric is 6.

Computing the length of L(ws + iTws,ws — iT'ws) we have in both cases that
be, = 3u2. So if necessary by changing the sign of u4 and w4, we may assume that
b4 = \/g,u

We now complete the argument by looking at
h(L(wg—H'ng, ’LU3—iT’LU3), L(w1 +iTwy, w4—iTw4) = —h(L(w1 +iTwy, ’wg—ing), L(wg-l-ing, w4—iTw4)

This yields that b3 = —v/3p. Interchanging the indices 2 and 3 in the formula above
finally gives that by = —+/3p in the first case, and —/3ui in the second case.

7.2. Two canonical examples.

First we look at the following example. We identify R® with the set of all skew
symmetric matrices in R6%6. So an element p € RS is of the form

0 ay as as aq (4759
—aq 0 ag az ag ag
| —a2 —ag 0 aig a1 a2
P= 143 —ar —ai0 0 a1z Q14
—aqg —ag —aix —aiz 0 ags

—as —ag —ajz —ais —ais 0O

We take as hypersurface M in R'® the skew symmetric matrices with determinant
1. Let G = SL(6,R). Then, we have an action p of G on M by p(g)(p) = gpg”
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Here we are interested in the connected component of the matrix

0 0 0 001
0 0 0 010
|0 0o 0o 100
° 1o o -1 000
0 -1 0 00 0
-1 0 0 00 0

If necessary, we restrict now M to the orbit of Iy. Its isotropy group consists of

the matrices g of determinant 1 such that gIog? = Iy. This Lie group is congruent

to Sp(6) and therefore by Theorem 9.2 of [3] we know that M is locally isometric
it SLOGR)
Sp(6) -

Note that of course every element of SL(6,R) acts at the same time also on R® in

a linear way and that therefore this action belongs to GL(15,R). A straightforward
computation shows that this action actually belongs to SL(15,R). This implies that
M is at the same time an homogeneous affine hypersurface and by Proposition 6
an equiaffine sphere centered at the origin. So in order to determine the properties
of M it is sufficient to look at a single point.

In order to determine the tangent space at a point p = glog”, we look at the
curves in M

v(s) = ge*X TpesX" ¢
These are indeed curves in Mj, provided that e*X € SL(6,R) or equivalently,
provided that Tr X = 0. Note that +'(s) = ges*(XIy + IOXT)eSXTgT, where
v = (XIo+ IpXT) is a symmetric matrix. So by using a dimension argument we
see that the tangent space is given by

{gvg™|v =2X1o, XIp = [, X", Tr X =0, X € R®*®} =T, M.

In fact, such a matrix X is of the form

aq a9 as [¢7} as ag
b1 bQ b3 b4 0 —as
X = C1 Co —a] — bz 0 —b4 —ay
d1 d2 0 —a1 — b2 b3 as
€1 0 —d2 C2 b2 as
0 —e1 —d; C1 by aj

Working now at the point Iy, taking g = I and X € {X € RO*6|Tr X =0, X1, =
InX™} we see that

Vo) (8) + (v, 7))y =" (s)
—_ €SX(4X210)€SXT
= N ((4X2 — A Tr(X) D)X + 4 Tr(X?)es X IpesX
— X ((4X2 = 2 Tr(XH) D)X + 4 Tr(X?)(s).

T

As the matrix (4X? — % Tr(X?)I) commutes with Iy, we can decompose the above
expression into a tangent and a part in the direction of the affine normal given by
the position vector, and therefore we find that

h(v'(s),7'(s)) = § Te(X?).
So we see that s is a constant length parametrisation of the curve « and therefore
we have that h(y/,V,+') =0 and

h(Y, Vo) = h(y', K(+',7))
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As
V"(8) = V() V(7 (8) + h(Y /) + h(v, K(Y v )y
= X (8X L)X
— X ((8X3 — ETe(X*)D)Ip)e™X + 8 Tr(X3)(s),
working at s = 0 and writing v = 2X 1, as tangent vector, we have that
h(v,v) = § Tr(X?),
h(v, K(v,v)) = %TrXs.

Linearising the above expressions, i.e. writing v = ajv; + asvs, respectively v =
Q11 + oy +aizus, for v; = 2X 1,7 = 1,2, 3, and looking at the coefficient of oy as,
respectively ajasas we obtain that

h(vi,v2) = § Tr(X1X2) = § Tr(X2X1),
6h(K (v1,v2),v3) = %(Tr X1 XoX3 4+ Tr X3 X1 Xo + Tr XoX5X7 + Tr X7 X3Xo + Tr X5 X0 X7 + Tr Xo X1 X3)
= 4(Tr X1 X5 X3 + Tr Xo X1 X3).
So we see that
K(vy,v2) = 2(X1Xo + X0 X5 — %Tr(Xng)I)IO.

Indeed we have that (X;Xo+ XX — % Tr(X; X5)I) has vanishing trace, commutes
with Iy and therefore K (v1,v2) is indeed the unique tangent vector such that

h(K (v1,v2),v3) = 2(Tr(X1 X2 X3) + Tr(X2 X1 X3)).
By straightforward computations we deduce that
Tr X* = L(TrX?)?,
and therefore we have that
h(K (v,v), K(v,v)) = § Tr(2X? — 2Tr X?21)?
= 34T X* + 3(TrX>)°Trl — §(Tr X*)?)
= %(T?"XQ)2
= 1(h(v,v))*.

Hence Mj is isotropic with positive A. A straightforward computation also shows
that the index of the metric is 4.

Next, the following example ilustrates the case when the signature of the in-
definite metric on M is 8. First we identify R'® with the set of matrices a =

{( E }j) ,E=FET F=—-FT} C C®%6, An element in a is of the form

-F FE
aq as + ias a4 + ias 0 ag + tay as + iag
as — ia3 aio ail + ialg —ag — ia7 0 a13 + ia14
| aa —ias a1 +iar ais —ag — iy —a13 —ia14 0
p= 0 —ag +ia7  —ag +iag ay as — ias as — ias
ag — iar 0 —ai13 +ia14  as +iag aio aip — a2
ag —iag @13 — 1414 0 aq + 1as a1l + a2 ais

We take as hypersurface M in R!® all such matrices with determinant 1. Let
G = SU*(6). Then, we have an action p of G on M by p(g)(p) = gpg’. Note
that M has two connected components and that the action is transitive on each of
the connected components. The connected component of I has been studied in [2],
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where it was shown that it gives a positive definite isotropic affine hypersurface.
Here we are interested in the connected component M; containing the matrix

10 0 00 0
01 0 00 O
;|00 -1 00 0
° 1o 0 0o 10 0
00 0 01 0
00 0 00 -1

Its isotropy group consists of the matrices g of determinant 1 such that glyg” = I.
This Lie group is congruent to Sp(1,2) and therefore, by Theorem 9.2 of [3], we

Note that of course every element of SU*(6) acts at the same time also on R'® in
a linear way and that therefore this action belongs to GL(15,R). A straightforward
computation shows that this action actually belongs to SL(15,R). This implies that
M is at the same time an homogeneous affine hypersurface and, by Proposition 6,
an equiaffine sphere centered at the origin. So in order to determine the properties
of My, it is sufficient to look at a single point.

In order to determine the tangent space at a point p = glyg”, we look at the
curves in M

know that M is locally isometric with

1(s) = geX e X" g7

These are indeed curves in M, provided that Tr X = 0 and XJ = JX, for J =
(—Oln IS) . Note that ' (s) = ges* (X Iy +IOXT)65XT§T. So by using a dimension
argument, we see that the tangent space is given by

{gvg"|v =2X1o, XIp = L X', Tr X =0,XJ = JX,X € C®*%} = T,,M;.

In fact, such an X if of the form

—r—x9 T1+iy1 T2+ iy 0 T3 —1Ys T4 — Y4
x1 — iy x Ts+iys —x3+iys 0 —Zg + iYs
—To + Y2 —T5 + Y5 Zo T4 —1iYs  Te — Y6 0

0 —T3—iYys —T4—1Ys —T—Tog T1—iY1 —T2 — QY2
x3 +1ys3 0 —Tg —1Ys  T1+ Y1 x —T5 + Y5
T4+ 1Yy Te + 1Ys 0 To +1ys x5+ iys o

Working now at the point Iy, taking g = I and X € CY%6 satisfying XIy =
I XT, TrX =0,XJ = JX, we see that

V)Y () +h(y, 7))y =7"(s)
_ 63X(4X2IO)63XT
= X ((4X2 = A Tr(X) D) Ip)es™ + 4 Tr(X2)esX [pes X"
v T
=N ((AX? - 2 Te(X?)D)Io)e™ + 2 Tr(X?)y(s).

As the matrix (4X? — § Tr(X?)I) has the same properties as X, we can decompose
the above expression into a tangent part and a part in the direction of the affine
normal given by the position vector, and therefore we find that

(Y (8),7'(s)) = § Tr(X?).

So we see that s is a constant length parametrisation of the curve v and therefore
we have that h(7',V,+') =0 and

h(v', V') = h(y', K&, 7).



A CLASSIFICATION OF ISOTROPIC AFFINE HYPERSPHERES 23

As
V"(8) = Vo) V()Y (8) + BV, 7)Y + h(Y K( v )y
— esX (8X3IO)65XT
— X ((BX® — ETH(XP) ) Ip)e™™ + & Tr(X?)y(s),
working at s = 0 and writing v = 2X 1 as tangent vector, we have that
h(v,v) = & Tr(X?),
h(v, K (v,v)) = & Tr X°.

Linearising the above expressions, i.e. writing v = ajv; + asvs, respectively v =
Q11 + @y +aizus, for v; = 2X 1,1 = 1,2, 3, and looking at the coefficient of ay s,
respectively ajasag we obtain that

h(vi,v2) = § Tr(X1X2) = § Tr(X2Xy),
61 (K (v1,v2),v3) = 5(Tr X1 Xo X5 + Tr X5 X1 Xo + Tr X5 X5 X1 + Tr X1 X5 Xo + Tr X3 Xo X + Tr X5 X, X3)
= 4(Tr X, X2 X3 + Tr X2 X1 X3).
So we see that
K(vi,v9) = 2(X1 Xo + X0 X7 — %Tr(Xng)I)IO.

Indeed we have that (X3 X+ X0 X7 — % Tr(X;X32)I) has vanishing trace, commutes
with Iy and therefore K (v1,v2) is indeed the unique tangent vector such that

h(K(v1,v2),v3) = %(’IY(XngXg,) + Tr(X2 X X3)).
By straightforward computations we deduce that
Tr X* = L(Tr X?)?,
and therefore we have that
h(K (v,v), K(v,v)) = § Tr(2X? — 2 Tr X*I)?

(ATe X* + 2(TrX?)°Trl — 3(Tr X?)?)

= 3(TrXx?)?

= 5(h(v,v))*.
Hence Mj is isotropic with positive A. A straightforward computation also shows
that the index of the metric is 8.

4
6
4
6

8. AFFINE HYPERSPHERES OF DIMENSION 26

8.1. The form of L, dimi/ = 8.

Before treating each case of the signature for the metric, we first will give some
lemmas which will be very useful in order to simplify the proof significantly. We
start with an arbitrary vector w + iTw € W; with length 2 and define a real
vector v3uu = L(w + iTw,w — iTw). We call w} = w and w} = Tw. Next,
we choose arbitrary orthogonal vectors us, ..., ug such that uy,us,...,us forms an
orthonormal (real) basis in U, that is h(uj,ur) = €;0;%, where ¢; = +1 indicate
the length of u;. As the operator L(wi 4 iw3,—) is bijective, for every u; we find

wjl-,wf-, such that
(40) L(w} + iwd, wl —iwl) = V3udjuj, where §; = { ;’ llffj_:il

Lemma 19. For the previously defined vectors, L satisfies

L(w¥ +iwh, wh —iwk) = —V3Bueyu;.
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Proof. The result is straightforward, by properties (23) and (24):
(41)
h(L(wF 4wk wh —iwk), L(w! +iwd, w! —iwl)) =

= 7h(L(w% + Z.W%vwllC - Z‘wé:)a L(wlf + iwéaw{ - Zw%))

5 , ,
—gh(L(wf + iwé,w% —iws), L(wf + iwé,w{ —iwl))

§ 3u?

= ngh(w% + iw%,wj — iwj))
_J 0 j#1
- —3M2€k, j: L.

O

Lemma 20. Let u; and uy determine €; and €y, such that €; = €, for k,j > 1.

Then L(wF + iwk, wl —iw)) is an imaginary vector.
Proof. Let us define the orthonormal basis of U given by

uj, = cos(t)ur + sin(t)u;,
uf = —sin(t)uy + cos(t)uy,

uf =u,l #Kk,j.
By relation (40), we compute
L(w} + w3, cos(t) (WF — iwh) + sin(t)(w] — iwd)) = V/3ud;(cos(t)ug + sin(t)u;)

and therefore we find wfk—l—iwé‘_k = cos(t) (wh4iwk)4sin(t) (w] +iwd) and wi +iwy’ =
—sin(t)(wF + iwh) + cos(t)(w] + iw}) such that

L(w} 4 iwd, wik 4+ iwik) = V3opul.

Next, by lemma (19) we may write

L(wi* +iwsk wikf —iwsk) = —VBueyu
and using the bilinearity of L, we get the conclusion. a
Lemma 21. Let u; and uy determine €; and €, such that e; = —1 and e, =1, for

k,j > 1. Then L(w} + iwk, w! —iwl) is a real vector.
Proof. First, define an orthonormal basis of U given by

uj, = cosh(t)uy + sinh(t)u;,
u} = sinh(t)ug + cosh(t)uy

wkp =u, L # Kk, j

and notice that L(w} + iw§, w¥ —iwk) = vBuuy and L(w} + iwd, wl — iw))V3uu,.

We take a, b, ¢, d complex functions and find wi¥ —iw3* = a(wh —iwh) + b(w] —iw?)

and w? — iw}! = c(wh — iwk) + d(w! — iw}) to be the unique vectors satisfying

L(w! +iwd, wi® —iws®) = V3uuj  and  L(w! 4 iwd, w}’ — iw;j)\/guu;.
Therefore, we find
a = cosh(t), b=isinh(¢), c¢= —isinh(t) and d = cosh(t).
Finally, using the bilinearity of L, the conclusion follows easily from

L(wi® 4 w3k wif —iw3®) = —VBuu,.
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In what follows, we will study the remaining cases for the metric on . First we
deal with the case that the signature of the metric is 4, 5 or 6. Let u; be defined
as in the beginning of this section. Next, choose us L u; such that h(ug,us) = —1
and w? and w3 such that L(wi + iw%,wl iw?) = V3uuy and uz L uy,uy and w}
and w3 such that h(us,us) = —1, L(w} + iwl,w? — iw3) = v/3uusz. Then, we look
at the vector L(w? + iw3,w? —iw3) and see, by property (23), that it is orthogonal
to ui,uz and uz and has length 3u? and by lemma (20), that it is an imaginary
vector. Therefore, we define u4 of length —1 such that

L(w? 4 w2, w} — iwd) = V3uiuy.

Next, by surjectivity of L(wi + iwl, —) and by (40) we can pick w} and wj such
that L(w] +iws, wi —iw]) = v3uiug. In the following, we pick us L uy,uz, us, uy of

length 1 and obtain w}, w3 such that L(w} 4 iwd,w? —iw]) = v/3uus. Remark that

the vectors L(w? +iw3, w? —iw3), L(w$ + iws,w) — iwd), L(wi + iws, w? — iwj) are
real, of positive length, mutually orthogonal and orthogonal to uj,us. Therefore,
the choice of uy, ..., us implies that the metric on {us, u3,us}= is positive definite.

Therefore, the cases when the metric has signature 4,5 or 6 cannot happen.

In case that the index is 0, we proceed as follows. Let u; be defined as before,
choose uz L wuy of length 1 and obtain the existence of w? w3 such that L(wj +
iwd,w? —iw3) = V3uug and L(w? + iw3,w? — iw?) = —v/3puy. Then, choose
uz L wuy,up of length 1 and obtain again L(w} + iwi,w? — iw3) = V3uus and
L(w} +iw3, w? —iw3) = —v/3uu,. Moreover, the vector L(w? +iw3, w? —iw3) is an
imaginary vector, orthogonal on wy, us, us (by relation (23)) and therefore, we get
the existence of a unit vector of negative length, uy, such that L(w?+iw3, w? —iw3) =
V/3piuy. This contradicts the fact that the index equals 0.

Next, we start anew, with different choices of vectors in order to eliminate the
case when the signature of the metric is 1.

Let u1 be defined as before, choose us L u; of length —1 and obtain the existence of
w?, w2 such that L(w] +iws,w? —iw?) = v/3uiuy and L(wl—i—sz, w3 —ZwQ) V3.
Then, choose ug L 1, up of length 1 and obtain again L(w} +iws,w$ —iwd) = V/3uus
and L(w} + iwd, w? — iwd) = —v/3uu,. Moreover, the vector L(w? + iw3, w? — iw3)
is a real vector, orthogonal on uy, us, us (by relation (23)) and therefore, we get the
existence of a unit vector of positive length, uy, such that L(w? + iw3, w} — iw3) =
V3puy. Consequently, L(wi +iws, wi —iwd) = v3Bpuy and L(wf +iwi, wi —iw]) =
—\/§uu1. Next, we pick us L uq,usg, us, us of length 1 and find

L(w} +iwd,w? —iwd) = V3uus and  L(w? 4 iwd, wb — iwd) = —v3puu,.

Finally, by lemma (20) and the property in (23), we see that the vectors L(w$ +
w3, w) — iwd) and L(w} + w3, w] — iwj) are orthogonal imaginary vectors. This
implies that the index of the metric is at least 2.

Now, we will prove that the metric on U cannot have signature 2. Let wu;
be defined as in (??), choose uz L u; of length —1 and obtain w?, w3 such that
L(w] +iwd, w? —iw?) = V3uiug and L(w? 4+ iw3, w? —iw3) = v/3pu,. Then, choose
ug L uy,us of length —1 and obtain again L(wi + iwi,w? — iwd) = \[uw;g and
L(w} +iwd, w} —iwd) = V3uu;. Remark now that the vector L(w? + iw3, w? —iw3)
is an imaginary vector, orthogonal on wuq,us,us (by relation (23)). So we have
that L(w? 4 iw?,w} —iwd) = V/3puiug, where uy has negative length and belongs to
{u1,us,u3}*, where the metric is positive definite, which is a contradiction.

Next we deal with the case that the index of the metric equals 7. So on {u}+
the metric is negative definite. We may take us € U such that h(ug,us) = —1 and

h(ul, UQ> =0.
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As L(wi +iwl, —) is a surjective operator, we can pick w] and w} = Tw} such that

(42) L(wi + iwd, w? — iw?) = V3pius,

(43) L(w? + iw?, wh —iwl) = —V/Buius.

and by the lemma we have L(w? + iw?,w? — iw3) = v/3uu; Next, we take s eu
such that h(ug,us) = —1. In a similar way as before, we deﬁne w} and wi and
obtain

(44) L(w! 4 iwd, w? — iwd) = V3uius.

By the lemma this implies that L(w$ +iw3,w] —iwd) = v/3pu,. Next, we find that
L(w3+iws, w}—iw3) is an imaginary vector which is orthogonal to uy, us and usz such
that we may write L(w; +2w27w%—zw2) V/3uiuy, for some uy € U, u4 J_ U1, Uz, U3.

Given uy, we define new wi and wj in Wy such that L(w} + iwi,wi —iwd) =
V3piuy and we have L(w] + iw], wi — iwj) = v/3pu,. Next, we want to determine
L(w? + w3, wi — iw3). We immediately obtain that it is an imaginary vector of

length 3u? which is orthogonal to u;, us and uy. As
h(L(wi+iw, wi—iwy), L(w) +iwy, wi —iw3)) = —h(L(w] +iws, 0f —iw), L(w] +iw), wi —iws)) = 37,

it follows from the Cauchy-Schwartz inequality on {u;}* that L(w? + iw?,w] —
iwy) = v/3piug. Similarly it follows that L(w} + iws,wi — iwd) == v/3pius.
Remember that so far we have defined uy,us,u3z and us € U and wi,wi, w?, w3,

Wi, wi wi wi € W. We take now some arbitrary us € {uy, uz, us, us}* such that
h(us,us) = —1 and use again the surjectivity of L(wi + iws,—) to define w? and

w§ = Tw} such that L(w] + iwl, w? —iw3) = v/3pius and
(45) L(w) 4 w3, w? — iw) = V3.

Next, we proceed with the computations as we did, for instance, for L(w$ +iwj, w? —
iw?) and define ug, u7,ug € U such that

L(w + w3, w? —iw?) = V3pius,
L(w + iwd, w? — iwd) = V3uiur,
L(w® + iw3, wi — iwd) = V3pius.

Given ug, u7,ug, we use the surjectivity of L(wl + iwi, —) and just like previously
done, we define w¥,wh € U, for k = 6,7,8 and determine

L(wh 4 iws, w¥ — iwh) = Buiuy,.

Next, we find L(w} + iwé,w’f iwk) = V/3uuy for k = 6,7,8. Then, we compute
similarly as for L(w? + iw?,w —iw3) in order to determine

(46) LW + iwS, w? — iwd) = —V3uius.

As for the vectors L(w$ + iw3,w? —iw§), L(w} +iws, wb —iws) and L(w? +iw3, w] —

iws), by using property (24) and the determined vectors so far, we see they are in the
directions of ug, u7 and ug respectively. We can easily determine their components

by following the same procedure as for L(w$ + iws,w? — iw3). Thus, we may write

3, .3 6_ .6
L(wy + iws,wy —iws) = €usg,

6

4 .4 6
L(w] + iws,wy —iws) = e1ur,

2 o2 7T .7
L(w] + w3, w{ — iwg) = eaus,
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where ¢, 1,62 = v/3ui. Further on, in order to determine L(w?$ 4 iw3,w] — iw]),

we first see by property (24) that it is orthogonal to {uy, ua, us, uq, vz, ug}. Next,
as

(47) h(L(wi’ + iwg’, wz - iw;), L(w% + iw%, w? - in))Jr

h(L(w% + iw%,w; — iw%)L(w% + iwg,w? — iwg)) =0
and

(48)  h(L(w? + iwd, w! —iws), L(w! + iws,w) — iw3))+

h(L(wi + iwy, w] — iws), L(w? +iw, w) —iwd)) = 0
we find
(49) L(w} + w3, w] —iwd) = V3pius.

It is easy to see that L(wj +iw3,w] —iwy) is coliniar with ug. From (23) we obtain

(50)  h(L(w; + iwg,wd —iwd), L(w] + iws, w] —iwd))+
(L(w} +iwy, wf —iwd), L(w) + iws,w] — iw;)) =0 &
h(ug, L(w] + iws, wl —iwd)) = €1,
so that L(w} + iws, w] — iwd) = —e1ug.
Using similar methods we consecutively obtain that

2., .2 8
L(wy +iwj, wy —

iw8) = —V/3eapriug
L(w} + iwd, o —iwd) = —V/3epiuz.
Note that by applying (??) on

h(L(w? + iwgv“’? - ng)7L(w% + iw%a“}? - ng))v

we see that € = —eg. Using similar arguments, we proceed to find that

L(wi 4 iwy, w® — iwd) = V3ereapius

€1 = €2

L(w} + iwd, w§ — iw§) = —v/3piuy

L(w + iwl, wl —iws) = —v/3pius

LW} + iw, wf — iw3) = —v/3Bpuiuy

L(w§ + iw§, w] —iw]) = V3pieyus,

L(w8 +iws, wf —iwd) = —V3eapius,

L(w] + iwd, wb —iwd) = V3piegus.

Moreover it now immediately follows that e; = 1.

At last, we will study the solution given by the case when the metric on ¢ has
signature 3. Start with u; defined as in (40), choose ug L u; of length —1 and by
surjectivity of L(wi +iwl, —) find w?, w3 such that L(wi —HwQ,wl iw3) = /3pius.
Similarly, choose ug L w1, ug of length —1 and find L(w? —|—Zw2,w1 —iwd) = /3uius.
Then, by lemma (20) we can see that the vector L(w? + iw3,w? —iw3) is imaginary,
therefore, it defines a unit vector uy, of length —1, such that L(wf +iw3,w] —iw3) =
V/3piuy. Moreover, we find the unique vectors wi and wj such that L(w] +iwl, wi —
iwd) = V/3piuy and L(wi +iwd, wi —iwd) = V/3uu;. Further on, we see that L(w? +
w3, wi —iws) and L(w$ +iw3,wi —iw3) are orthogonal to w1, ug, us and uy, usz, us.
We compute by property (23) h(L(w? + iw3, wi — iw3), L(wi + iwd, w? —iw3)) and
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h(L(w} + iws, wi —iws), L(w} + iwd,w? —iw3)) and, as the metric on {us, us, us}*
is positive definite, we find

4

L(w? +iw?,wh —iwd) = —V3Bpius and  L(w? 4 iwd, wi — iwd) = V3puius.

Next, we choose us | w1, us,us, us of length 1 and find wl,wz such that L(wl +
iwd,wy — iwy) = /3uus. Then, we notice by property (23) that L(w? + iw3,w) —
iw3), L(w? + iws,w] —iws) and L(w] + iwj,w? — iw3) are real vectors and satisfy
the orthogonality conditions which allow us to pick ug,u7,ug of length 1, in their
directions respectively, and complete {u1, ug, us, us} to an orthonormal basis, that
is L(w? + iw?,w} —iwd) = V3Buug, L(w] + iwd,w} —iw3) = 3uuy and L(w] +
iwg,w) —iw3) = V/3uug. Notice that, by lemmas (20) and property (40) we obtain

L(w8 +iw§, o —iws) = —v3uuy, L(wi + 2w2,w1 iw§) = /3pus,

L(w] +iws,w] — sz) —V3uuy,  L(w] +ZW27W1 iwy) = V3pur,

L(w§ +iws, wf —iws) = —VBuuy, L(w] +iwl, wf —iw§) = V3uus.
In the following, we determine L(w? + iw?,w{ — iw$) = —v/3uus, as it is a real
vector of length 342, orthogonal on wuy, ug, us, uy, ug, and given that its component
in the direction of us is —/3u ( by property (23)). Furthermore, we find L(w? +

w3, w] —iws) = e1V/3puug, as it is orthogonal to L(w? + iw3, wF —iwk) and L(w] +
iws,w] —iwd), for k=2,...,6 and e = +1. Similarly, we determine for ; = +1,

j=2,...,8 the followmg Vectors

L(w? 4 iws,wf —iw) = eoVBuur, L(w] +iwd, wf — iws) = —iv/3puuy

L(w} + iwd, 0§ — iwl) = e3v/3Buus, L(w] +iwd, w] — iws) = —iv/3uus,

L(w} 4 iws,w] —iwd) = —vBpuus, L(w) +iwd, wf — iws) = esv/3uug,

L(w? 4 iwd, wf —iw) = eavBuug, L(w§ +iws, w] —iws) = —e5iv/3uuy,

L(w} +iws, w8 —iws) = e5v/3pur, L(w + iws, w§ — iw§) = —e3iv/3puus,

L(w} 4 iwd, w] —iwd) = e6V3Buug, L(w] +iwd, wf —iws) = —e1iv/3pus.

L(wi + iwd, wf —iws) = e7v/3pus,
Then, we can easily find the relations between the coefficients €; using property
(23): €9 = —&1, 64 = —e3, ¢ = —¢5 and 7 = —1,eg = —i. Moreover, we can
find e = —1,e3 = 1 and €5 = —1 by applying property (23) successively to
L(w§ +iw§, w] —iw?) and L(w? +iw?, wf —iw3), L(w? +iw3, w] —iw?) and L(w} +

w3, wi —iw3), and finally, to L(w} + iw3, wd —iws) and L(w? + iw?,w? — iw3).

8.2. Two canonical examples.

When the indefinite signature on U is 7, we have the following example.
Let h3(0) denote the set of Hermitian matrices with entries in O, the space of
octonions endowed with the Jordan multiplication o:

H(0)s = {N € M3(0)|N" = N},
1
XoY = 5(XY +YX).
By definition, we have that the determinant of N € h3(Q) is given by

1 1 1
det N = gTT(NoNoN) - §TT(NON) + 6(T’I"N)3.

§1 w3 X2

Remark that a matrix N € h3(Q) is of the form N = |z3 & z1 |, where
ro 1 &3

& € R,z; € Q. For more details for the space of octonions see [1]. Next, we define
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G = {N € h(0)3|det(N) = 1}. We define an action of G on M; = {NANT|N € G}
by
p: G x M, — M,y
p(N)X = NXNT,

1 0 0
where A= |0 —1 0 |.By construction, this action is transitive and therefore
0 0 -1

M is congruent with G/H, where H = {N € G|[ANANT = I}. Note that p(N) can
be seen as a linear transformation acting on R?” and a straightforward computation
shows that p(N) € SL(27,R). Therefore, M; is an homogeneous affine hypersphere
in R?7. It is now sufficient to work around a point. We introduce local coordinates
around a point p € M; by taking y1, - - - ,y26 such that &1 =1,

7 7 7
2=y, &=y, 1= Zylﬂ—i@i; T2 = Zyn-m'@i, T3 = Zy19+¢61',
i=0 i=0 i=0
for {eg, - ,er} a basis of @. Therefore, the parametrization for our hypersurface

is given by
F :R? — R?7
{ p—g(p)73(1,p),

where p = (y1,---,y26) and g(p) := det N. By using the multiplication table for
octonions, we can determine g(p) and then, straightforward computations around

1 0 0
the point N = |0 —1 0 | allow us to find that the isotropy condition holds
0o 0 -1

for A = % Thus, the signature of the metric on M is 16.

When the indefinite signature on U is 3, we have the following example.

Consider the set of Hermitian matrices with entries in the split-octonions space en-
dowed with the Jordan multiplication o, as previously defined. For {1,14, j, k, 17, 1j, Ik}
an orthogonal basis of the split-octonion space, the length of a vector z = x¢ +
T11 4 x2J + x3k + x4l + 500 + w6lj 4+ 271K is given by

h(z,z) = 2z = (xf + o] + 23 + 23) — (2] + 22 + 2 + 23).

We define the manifold in a similar way as in the previous example and, by similar
arguments, we get that M is an isotropic affine hypersphere of dimension 26 for
which the signature of the metric is 12.
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