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Abstract— Considering the advantages of size and 

robustness in performing different kinds of task, many 

researches on tiny flying robots have been developed in 

recent years. Our main objective is to develop an 

autonomous and bio-inspired vibrating wing nano-air-

vehicle of about 3cm in wingspan relying mainly on 

MEMS technologies. For this purpose, a vibrating-wing 

nano air vehicle (VWNAV) with resonant wings using 

indirect actuation and concise transmission to allow large 

and symmetrical bending angles as well as passive wing 

torsion is presented. This paper introduces an innovative 

energy modeling of such vehicle aiming at a better 

comprehension of the energy transmission from energy 

source to wings, thus allowing future optimization of the 

actuation efficiency. This work also includes a dynamic 

model used in a closed loop control for a vertical fly of 

VWNAV. The results nicely demonstrate the stabilization 

of the system at a desired position. Considering the 

multiphysics nature of the prototype, a Bond Graph 

approach has been chosen bringing thus a unique model 

for the whole system.  

Keywords—MEMS, Vibrating-wing nano air vehicle, PID, 

Bond Graph. 

I.  INTRODUCTION 

Inspire of the attractive aerial capacities such as hovering, 
backward fly and recovering after sock, very few recent 
prototypes have the same geometric characteristics and masses 
as an insect [1-5]. This could be due to undesirable surface 
effects such as adhesion, friction and wear [1] which makes the 
traditional mechanisms and macro-scale manufacturing 
methods become inefficient for an insect scale. To overcome 
the problem, a prototype with kinematics similar to those of 
insects using MEMS manufacturing processes has been 
constructed [2, 6, 7]. Large wing displacement and high power 
efficiency are two main objectives. In a previous paper [8], the 
study was focused only on the tergum actuation. This study 
extends the investigations on a full wings prototype providing a 
view of energy transmission in company with the dynamic 
analysis of the vibrating wing. The aerodynamic forces 
calculated from the wing torsion and bending motions could be 
used in a closed-loop vertical fly. Since the studied system 
combines the mechanical, the electromagnetic and the 
aerodynamics fields, a unique model Bond Graph formalism 
has been set up. This kind of formalism is widely used to 
model multiphysics systems and energetics efficiency. The first 

part of the paper is an overview of the prototype including 
actuation, transmission and wings. The second part answers to 
the question of the wing model. The aerodynamic forces are 
then established from retrieved wing motion. Finally, the 
global model is constructed with a Proportional-Integral-
Derivative (PID) controller and the efficiency of the nano air 
vehicle is determined and discussed. 

II. PRINCIPLE

A. Prototype structure 

The prototype studied here is mainly composed of a 
flexible beam (tergum) with a wing at each extremity. An 
electromagnetic actuator glued to the thorax, positioned at the 
center of tergum plays a role of generating and maintaining the 
vibration. The compliant links transmit the vibration to the 
wings and affect the system efficiency. The prototype is 
realized in SU-8 EPOXY, which is commonly used material in 
MEMS technologies. Figure 1 presents an overall schematic 
view of the system.  

Fig. 1. Presentation of the prototype architecture. 

B. The Word Bond Graph of the prototype 

Since the prototype is considered as an incorporation of 
components from different engineering disciplines, Bond 
Graph formalism has the crucial advantage to represent it as a 
whole, figure 2. The model is similar to the well-known block 
diagram, with the major difference that the “bonds” which link 
the elements together represent bi-directional exchange of 
physical energy. Each bond depicts instantaneous flow of 
energy or power denoted by a pair of power variables called 
flow and effort. For example, the bond next to the battery block 
would present the flow of electrical energy and the power 



variable would be the current (ia) and the voltage (Ua), whose 
product is power (Pa). In like manner, the magnet displacement 
(zሶ) and the electromagnetic force (Fe) are flow and effort of the 
corresponding power (Pmechanic). The model of first two blocks 
could be found in the previous work [8].  

Fig. 2. Word Bond Graph of the prototype. 

By understanding the dynamic phenomenon of the existing 
artificial wing, a modal model based on mechanical beam has 
been developed in the third block. The skeleton of wing is 
presented by an Euler Bernoulli beam as depicted in figure 3. 
The compliant links are as a simple supports in flexion and a 
springs in torsion. The coupling between flexion and torsion is 
simulated via the continuous conditions at the junction of the 
trailing edge and the leading edge. 

Fig. 3. Diagram of the wing skeleton. 

Bending and passive torsion motions extracted from the 
third block comes into the last one as signals to create the 
aerodynamic forces. Assumption is taken here that there is a 
low coupling between aerodynamic forces and structural 
forces, which means that the kinematics is essentially due to 
the structural part whereas the membrane induces the 
aerodynamic forces. This assumption has already been 
validated in a previous paper [2]. In the next part, we will take 
a closer look at the wing model.   

III. MODAL MODEL OF THE WINGS

As mentioned above, the skeleton of wings is modeled by a 
set of Euler-Bernoulli beams numbered from one to five as in 
figure 4. The vibration in bending and torsion in each beam 
could be expressed by the two following equations:   ൜ݓܫܧᇱᇱᇱᇱ + ሷݓܵߩ = ᇱᇱߠ଴ܫܩ0 − ሷߠ଴ܫߩ = 0 (1) 

where w is the transverse displacement due to flexion, ߠ is the 
angle of torsion, EI and GI0 are the bending and torsion 
stiffnesses, ܵߩ is the mass per unit length of the beam and I0 is 
the moment inertia of rotation. The lengths of leading edge, 
trailing edge, and the distance between two supports are L, H, 
and l respectively.  

Fig. 4. Diagram of a wing of type “L” 

The method of separation of variables in time and space 
can be used to solve equation (1) by separating the spatial and 
temporal function as: ൜ݔ)ݓ, (ݐ = ,ݔ)ߠ(ݐ)ݍ(ݔ)߶ (ݐ = (ݐ)ݍ(ݔ)ߛ (2) 

which can be substituted into the flexion part of (1) to give: ߤଶ ቀథᇲᇲᇲᇲ(௫)ቁథ(௫) = − ௤ሷ (௧)௤(௧)  with ߤ = ටாூఘௌ 
(3) 

 The left hand side of (3) depends on x alone while the right 
hand side depends on t alone. Since x and t are independent 
variables, both sides of (3) must be equal to the same positive 
constant ߱ଶ: ߤଶ ൫߶ᇱᇱᇱᇱ(ݔ)൯߶(ݔ) = ሷݍ− (ݐ)ݍ(ݐ) = ߱ଶ (4) 

yielding:  ߶ᇱᇱᇱᇱ(ݔ) − (ݔ)߶ସߚ = 0 with ߚସ = ఠమఓమ ሷݍ (5) (ݐ) + ߱ଶ(ݐ)ݍ = 0 (6)

the solution forms of (5) and (6) are then: ߶(ݔ) = ݔߚ݊݅ݏܣ + ݔߚݏ݋ܿܤ + ݔߚℎ݊݅ݏܥ + ݔߚℎݏ݋ܿܦ (ݐ)ݍ(7)   = ݐ߱݊݅ݏܽ + (8) ݐ߱ݏ݋ܾܿ

where A, B, C, D, a and b are unknown constants determined 
by the boundary and initial conditions respectively.  

Inserting (2) into the torsion part of (1) we get: ߩܩ (ݔ)ߛ(ݔ)ᇱᇱߛ = ሷݍ (ݐ)ݍ(ݐ) = −߱ଶ (9) 

yielding: ߛᇱᇱ(ݔ) + (ݔ)ߛସߚଶߜ = 0  with  ߜ = ටாூீௌ (10) 

the solution form of (10) is: (ݔ)ߛ = (ݔଶߚߜ)ݏ݋ܿܧ + (11) (ݔଶߚߜ)݊݅ݏܨ

in which E and F are unknown constants determined by the 
boundary conditions. The following analysis applies the above 
solutions for each beam of the wing of type “L”.  

Suppose that all the segments have the same section and 
mechanical properties. Since the torsion has very little effect on 
the trailing edge (beam number 1 and 5), there are five spatial 
equations for flexion but only three for torsion:  

۔ۖەۖ
(ݔ)′′′′ଵ߶ۓ − (ݔ)ସ߶ଵߚ = 0߶ଶ′′′′(ݔ) − (ݔ)ସ߶ଶߚ = 0߶ଷ′′′′(ݔ) − (ݔ)ସ߶ଷߚ = 0߶ସ′′′′(ݔ) − (ݔ)ସ߶ସߚ = 0߶ହ′′′′(ݔ) − (ݔ)ସ߶ହߚ = 0 (12) 



ቐߛଶ′′(ݔ) + (ݔ)ଶߛସߚଶߜ = (ݔ)′′ଷߛ0 + (ݔ)ଷߛସߚଶߜ = (ݔ)′′ସߛ0 + (ݔ)ସߛସߚଶߜ = 0 (13) 

It is a general mathematical principle that the number of 
boundary conditions necessary to determine a solution to a 
differential equation matches the order of the differential 
equation; therefore twenty-six limiting conditions are needed to 
solve (12) and (13). As can be seen that this set of equations 
has the form of the homogeneous system equations. Solve them 
for the value of β and the non-trivial solutions 
(A୧, B୧, C୧, D୧, E୨, F୨), we now obtain the spatial equations of 

bending and torsion: ߶௜(ݔ) = ݔߚ݊݅ݏ௜ܣ + ݔߚݏ݋௜ܿܤ + ݔߚℎ݊݅ݏ௜ܥ + (ݔ)௝ߛݔߚℎݏ݋௜ܿܦ = (ݔଶߚߜ)ݏ݋௝ܿܧ +  (ݔଶߚߜ)݊݅ݏ௝ܨ

(14) 

for	1 ≤ i ≤ 5	and	2 ≤ j ≤ 4. Figure 5 shows the plot of (14) 
for the first mode of beam model. The membrane of the wing 
has been added but has no influence on the kinematics as 
mention previously 

Fig. 5.  First mode of beam model. 

The experiments in [9] demonstrate the rightness of this 
model. The bending and torsion angles and also the resonance 
frequency derived from the simulation are close to those of the 
experiment. However, this system is not totally compatible 
with Bond Graph formalism and need a little tweaking to make 
itself fit. In other word, the L-shaped wing is now identified as 
a spring-mass-damper system. The spring stiffness (1/keq) and 
the equivalent mass (meq) are characterized in bond graph 
formalism by a C-element (potential energy) and a I-element 
(kinetic energy) respectively. The value of a R-element 
(dissipated energy) presents the system damping (Req) could be 
found in [9]. The spting stiffness keq and the equivalent mass 
meq are determined using the modal superposition [10] as the 
following integrals taken along all segments of the wing: ݉௘௤ = නܵߩ߶௜ଶ(ݔ)݀ݔ (15) 

݇௘௤ = නܫܧ ݀ସ߶௜(ݔ)݀ݔସ ߶௜(ݔ)݀ݔ (16) 

The results are summarized in the table 1 for clarity sake. 

TABLE I.  MECHANICAL PARAMETERS 

Used values

keq 4e-7 N/m 

meq 1.4e-11 kg 

Req 2e-10 kg/s 

Resonance 

frequency 
27Hz 

In the mechanical domain, the 1-junction represents force 
balance and is a generalization of the Newton’s second law. All 
flows of the connecting bonds at a 1-junction have the same 
value and the efforts sum is equal to zero: ݉௘௤ݍሷ (ݐ) + ܴ௘௤ݍሶ (ݐ) + ݇௘௤(ݐ)ݍ = ௘߶ଷ(2݈)ܨ (17) 

Note that ܨ௘߶ଷ(݈/2) is the electromagnetic force acting at the 
middle of two supports computed directly using the modal 
superposition principle and q(t) is the function of time as 
mentioned in (2). Finally, a full prototype in Bond Graph 
language is shown in the figure 6.  

Fig. 6. Bond Graph formalism of L-shaped wing. 

Recall that the electromagnetic force formula has the form: ܨ௘ = .(ݖ)௠ܤ .ߨ2 .ݎ ݊. ݅௔ = ݇௘௠(ݖ). ݅௔ (18)

where kem(z) depicts the output signal of a block diagram 
MultilyDivide element which is the multiplication of the mean 
magnetic flux density Bm(z) with the coil radius r the coil 
number of turn n and the 2ߨ value. A modulated gyrator 
(MGY) with its gyration ratio (kem(z)) symbolizes the 
transformation of electrical energy into mechanical ones. 
Battery is presented via a modulated source of flux ia (MSf)  
and a R element stands for by coil resistor (Rcoil). To connect 
the electromagnetic part with the L-shaped beam part we also 
need another type of transformer which is a TF element with 
transform ratio (߶ଷ(݈/2)). For more detail of the 
electromagnetic actuator refers to [8].  



IV. ENERGY EVALUATION

When the current source is connected to the prototype, 
energy is provided to compensate the energy dissipation and 
maintain the wing vibration. In fact, for an electrical input 
power of 1mW, corresponding to a current (rms) of 80 mA and 
a voltage (rms) of 12.5mA, the supplying energy in one cycle 
is: ܧ௖௬௖௟௘ = ݎ݁ݓ݋ܲ × 	(݈݁ܿݕܿ	ݎ݋݂	݁݉݅ݐ) (19) 

The power transformation in the electromagnetic actuator 
costs a major part of the input energy because of the Joules 
effect on the coil resistor (ERcoil). The remaining part comes 
into the wings and will dissipate (Ed) or store (Es) under 
different ways resulting in a mechanical energy (Emechanic). In 
physic and engineering, a measure of quality of an oscillatory 
system is its Q, defined as: ܳ = ߨ2 ݕ݃ݎ݁݊݁ ݈݁ܿݕܿ	ݎ݁݌	݀݁ݐܽ݌݅ݏݏ݅݀	ݕ݃ݎ݁݊݁݀݁ݎ݋ݐݏ (20) 

The Q factor is a dimensionless parameter that indicates the 
energy losses within a resonant element of a mechanical 
structure or an electronic circuit such as a spring or an inductor. 
The higher the value of Q the lower the rate of energy loss and 
hence the better the system is. In order to evaluate the 
prototype efficiency, we need to identify the two sources of 
energies mentioned in (20). The energy stored (Es) corresponds 
to the one stored under kinematics (EI ) and potential energy 
(EC). The energy dissipated (Ed) is the loss due to the resistor of 
coil in the electromagnetic actuator (Rcoil) and the damping 
value (Req). The same analysis as in [9] revealed that ERcoil is 
responsible for 98% of energetics losses and therefore this 
work is mainly focus on the efficiency of new wing model 
based on remaining energy. 

 It is important to realize that the system is always excited 
to its first resonant frequency by an alternating current 
(ia=I0sin߱଴ݐ). In this mode, the stored energy does not change 
and simply moves between the stored C and I Bond graph 
elements. When the flow is maximum across the I bond graph 
element (ݍሶ௠௔௫), all the energy is in fact stored in the I element 
(kinetic energy): ܧௌ = ሶ௠௔௫ଶݍ12 ݉௘௤ (21) 

Now let’s introduce the dissipated energy in the system. At 
each cycle, the resistor Req will dissipate energy: ܧௗ = 12 ଴ߨ2߱ ሶ௠௔௫ଶݍ ܴ௘௤ (22) 

Substitute the results of (22) and (21) into (20), we get an 
encouraging value 11.5 of Q. In other words, mechanical 
damping (Req) dissipates only 35% of the energy rest. It also 
means that almost two-third of the mechanical energy is useful 
for generating the wings motion. The energy analysis will be 
the key answer for the future question of battery’s capacity and 
mass. The compromise between them both ensures a stable and 
long duration of fly. Figure 7 brings to light the energy 
distribution.  

Fig. 7. Energy analysis. 

V. AERODYNAMIC AND VERTICAL FLY 

In nature, the flying insects achieve flight through the use 
of flapping wings. Robot mimicking them flap and rotate their 
wing periodically with sufficient large angular amplitude to 
perform aerial maneuvers. Flight forces with great precision are 
required to remain hover. The wings model developed in the 
section III is adapted to this requirement. In hover, the ambient 
air velocity is negligible, the aerodynamic forces developing 
only through the wing relative motion. The bending and torsion 
angle velocities are determined as: ߲ݔ)ݓ, ݔ߲ݔ߲(ݐ = ߶ଶᇱ (ݔ) ∗ ሶݍ ,ݔ)ሶߠ (ݐ) (ݐ = (ݔ)ߛ ∗ ሶݍ  (23) (ݐ)

The aerodynamic forces is commonly composed of lift and 
drag components, FL and FD. Both have the same expression, 
the only difference being the coefficient, CL and CD. ܨ௅ = ሶݓߩ12 ଶܥ௅(ߙ)නݎଶ ஽ܨݎ݀(ݎ)ܿ = ሶݓߩ12 ଶܥ஽(ߙ)නݎଶ ݎ݀(ݎ)ܿ (24) 

where ߙ = గଶ − r is radial distance from the wing root, and c ,ߠ

is the wing chord length. Since we suppose that there is a low 
coupling between the aerodynamic and mechanical part, the 
aerodynamic block used here is instead a block diagram with 
the equations of aerodynamic forces inside and not a Bond 
Graph block. With the available wing’s dimensions and the 
value of CL and CD found in [11], the output lift and drag forces 
are calculated by the input qሶ (t) as in equations (23) and (24). 
Integrating this block to the previous Bond Graph ones; we 
obtain a mean lift force of 650μN which is enough to elevate 
the prototype (26 mg). One actuator prototype shows the 
advantage of large and symmetrical wings motion, however, 
that means the lift force between each wing cannot be varied 
for a high maneuverability of a fly. In this case, a Bond Graph 
model of a stable vertical takeoff flight will be demonstrated as 
in figure 8. In order for a fly vehicle to rise into air, the lift 
force (FLift) created must be at least greater than or equal to the 
force of gravity (FGravity) as shown in equation (25): ݉௣௥௢௧௢௧௬௣௘ݖሷ + ௩݂௜௦௖௢௨௦ = ௅௜௙௧ܨ − ܨீ ௥௔௩௜௧௬ (25) 



where z is the prototype’s altitude and mprototype is the mass of 
prototype. Suppose that the prototype moves at relatively low 
speeds through the air, the viscous resistance fviscous is 
approximately proportional to its velocity: 

௩݂௜௦௖௢௨௦ = ሶ (26)ݖܾ−

where b is the viscous coefficient. A 1-junction is employed to 
present the equation (25) as in the Vertical takeoff block. 

Fig. 8. Bond Graph model of closed loop fly. 

A control system is modeled for this prototype using PID-
controller, where the input parameter is the unstable altitude 
signal of vertical takeoff block (z). The altitude control result 
and input current are shown in figure 9. The coefficients for the 
proportional, integral, and derivative term (KP, KI and KD) are 
9, 8 and 3 respectively. For a simpler model, the mean 
magnetic flux density Bm(z) is approximated by linear signal 

and the lift forces is calculated with mean value of torsional 
angle. Remember that the prototype always runs in its resonant 
mode, controlling the amplitude of input current one can have 
stabilized system as well as a desired altitude. The prototype 
reaches its desired position of 50cm after 2.5 seconds. 

Fig. 9. Altitude control and input current. 



VI. CONCLUSION AND PERSPECTIVES

This paper proposes a Bond Graph model of a VWNAV 
wings which has been experimentally validated and used to 
evaluate the whole system energy consumption. The low 
percentage of dissipated energy (Ed) due to mechanical 
damping (Req) comparing to one of the stored energy (ES) 
shows a reasonable system efficiency. The vertical fly 
simulation reveals the prototype ability of flying up and being 
stable at a desired position in the vertical direction. In the next 
step, the strategy will be developed to reach 6 Degree Of 
Freedom and therefore allowing the control of VWNAV in the 
real space.  
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