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Abstract. In this work, the transient ultrasonic waves radiated by a linear phased array
transducer in a liquid then reflected at a liquid solid interface is studied. A model based on the
Rayleigh integral is used where the reflection at the plane interface is considered by using the
reflection coefficients for harmonic plane waves. The transient field is obtained by an inverse
Fourier transform of the harmonic field. The obtained results highlight the different
components of the ultrasonic field: the direct and edge waves as well as the longitudinal head
waves or leaky Rayleigh waves. The temporal representation of these waves has been analyzed
and discussed by the rays’ model. Instantaneous cartographies allowed a clear description of all
the waves which appear at the liquid-solid interface. The results have been compared to those
obtained by using a finite element method.

1. Introduction
The propagation study of the ultrasonic waves at the interface liquid solid radiated by a multi-element
linear transducer has been the subject of many publications [1-9].
The advantage of multi-element transducers is to allow the focusing and the steering of the beam in
both liquid and solid [1- 10].
Generated acoustic waves by elementary sources composing a transducer can be modeling by
superposing the produced fields. Each source is modeled by point source superposition applied to the
Rayleigh integral, the spatial impulse response model, and other analytically equivalent integral
approaches.
A good review of the earlier developments of the acoustic wave modeling generated by multielement linear transducers in front of a planar liquid solid interface can be found in [8, 11-21].
In this research work, the Rayleigh integral has been used to simulate the propagation of the ultrasonic
wave emitted in water by a multi-element linear transducer in presence of a plane water-solid interface.
This model starts from the knowledge of the particle velocity at the radiating surface. Then, the
harmonic velocity potential is derived through the Rayleigh integral on the surface. The transient
incident wave is then obtained by an inverse time Fourier transform of the harmonic results. In the
presence of a fluid solid interface the echo-graphic response in the liquid is calculated by taking into
Content from this work may be used under the terms of the Creative Commons Attribution 3.0 licence. Any further distribution
of this work must maintain attribution to the author(s) and the title of the work, journal citation and DOI.
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account the reflection coefficient for harmonic plane waves. The obtained results highlighted the
different components of the acoustic field in the liquid: the bulk waves as well as the surface waves
radiated in the water. The temporal representation of these waveforms has been studied. The arrival
time of each contribution is analytically calculated and the physical origin of each of them is clearly
determined (Table 1). Time domain snapshot of different wave front propagation before and after
reflection allowed a physical description of all waves. These results are compared with those obtained
by a finite element method [22].
2. Theoretical model
2.1. Analytical formulation
2.1.1. Emission in the water

A multi-element linear transducer comprising N small sources is considered. The latter emits acoustic
waves in water, the propagation velocity of these waves is cf. The width of each source is 2𝑎 and the
⃗⃗⃗⃗⃗ , ⃗⃗⃗⃗⃗
distance between the center of two successive source is denoted 𝑑. Let ℛ(𝑂𝑥
𝑂𝑧) be the reference
⃗⃗⃗⃗⃗
frame where 𝑂𝑥 is taken as the reference line defining the z = 0 plane and the second axis ⃗⃗⃗⃗⃗
𝑂𝑧
perpendicular to the previous axis (figure 1).
Assuming that the radiating surface is a set of elementary sources and each elementary surface dS
vibrates with a uniform normal particle velocity 𝑣𝑛 (𝑡).
Transducer width
d
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x
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z
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Figure 1. Geometry of the problem

At a point 𝑀(𝑥, 𝑧) in a water, the pressure 𝑝𝑗 (𝑥, 𝑧, 𝑡) radiated by the jth element of the multielement source can be expressed is:
dφ𝑗 (x, 𝑧, 𝑡)
(1)
𝑝𝑗 (𝑥, 𝑧, 𝑡) = 𝜌𝑓
,
dt
φ𝑗 (x, 𝑧, 𝑡) is the transient velocity potential at the field point (𝑥, 𝑧).
𝜑̅𝑗∗ (𝑘𝑥 , 𝑧, 𝜔)

+∞

𝜑𝑗∗ (𝑥, 𝑧, 𝜔) 𝑒𝑥𝑝(−𝑖𝑘𝑥 𝑥) 𝑑𝑥 .

=∫
−∞

(2)

Equation (2) shows that the velocity potential 𝜑𝑗 (𝑥, 𝑧, 𝑡) at any point inside the medium is a
harmonic synthesis of monochromatic plane waves φ
̅ ∗𝑗 (𝑘𝑥 , 𝑧, 𝜔).
𝜑̅𝑗∗ (𝑘𝑥 , 𝑧, 𝜔) is the spatial Fourier transform of the velocity potential 𝜑𝑗∗ (𝑥, 𝑧, 𝜔) calculated in the
monochromatic case by the Rayleigh integral:
∗
(𝜔)
𝑣𝑛𝑗
𝑒𝑥𝑝(𝑖𝑘𝑟)
(3)
𝜑𝑗∗ (𝑥, 𝑧, 𝜔) =
∬
𝑑𝑆,
2𝜋
√𝑟
𝑆
where 𝑑𝑆 is the array of the elementary sources constituting the j th element, 𝑟 is the distance from the
point 𝑀(𝑥, 𝑧) to the elementary source, 𝑘 = 𝜔⁄𝑐𝑓 is the wave number, 𝜔 is the angular frequency.
Each transducer element is constituted from elementary sources which vibrate with a velocity
𝑣𝑛𝑗 (𝑥, 𝑡).
+∞

∗
(𝜔) = ∫
𝑣𝑛𝑗

𝑣𝑛 (𝑡 − 𝜏𝑗 ) 𝑒𝑥𝑝(𝑖𝜔𝑡) 𝑑𝑡,

−∞

2

(4)
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where 𝑣𝑛𝑗 (𝑥, 𝑡) and 𝜏𝑗 are respectively the particle velocity and the time delay associated with the jth
element of the transducer.
The wave field at the point 𝑀(𝑥, 𝑧) is the sum of the wave fields emitted by the N elements of the
multi-element transducer:
𝑁

𝑝(𝑥, 𝑧, 𝑡) = ∑ 𝑝𝑗 (𝑥, 𝑧, 𝑡)

(5)

𝑗=1

In order to obtain a focusing beam, the time delay applied to the jth element is:
2

𝜏𝑗 =

𝐹 − √(𝑥𝑓 − 𝑥𝑗 ) + 𝑧𝑓2

(6)

𝑐𝑓

where 𝐹(𝑥𝑓 , 𝑧𝑓 ) is the focal point.
2.1.2. Water and aluminium media separated by a plane interface

In the presence of the water aluminium plane interface at 𝑧 = 𝑧𝑒 . The incident wave at the interface
defined by z = ze plane, is given by:
𝑁

𝑝𝑖 (𝑥, 𝑧𝑒 , 𝑡) = ∑ 𝑝𝑖𝑗 (𝑥, 𝑧𝑒 , 𝑡),

(7)

𝑗=1

with
𝑑𝜑𝑖𝑗 (𝑥, 𝑧𝑒 , 𝑡)
(8)
,
𝑑𝑡
where 𝜑𝑖𝑗 is the incident velocity potential radiated by the jth element of the source.
The space time Fourier transform of the velocity potential radiated by the jth element of the source and
reflected at the interface is:
∗
∗
(𝑘𝑥 , 𝑧𝑒 , 𝜔) = 𝜑̅𝑖𝑗
(𝑘𝑥 , 𝑧𝑒 , 𝜔)𝑹(𝑘𝑥 , 𝜔),
𝜑̅𝑟𝑗
(9)
where 𝑹(𝑘𝑥 , 𝜔) is the reflection coefficient at the water-aluminium plane interface.
The reflection coefficient 𝑹(𝑘𝑥 , 𝜔) is calculated by taking into account the specular and non
specular reflection. Considering the fact that the reflected pressure must be real valued functions, their
Fourier transforms must be Hermitian.
The echo-graphic response of the wave coming back to a z-plane is given by:
𝑝𝑖𝑗 (𝑥, 𝑧𝑒 , 𝑡) = 𝜌𝑓

𝑁

𝑝𝑟 (𝑥, 𝑧, 𝑡) = ∑ 𝑝𝑟𝑗 (𝑥, 𝑧, 𝑡),

(10)

𝑗=1

where
𝑑𝜑𝑟𝑗 (𝑥, 𝑧, 𝑡)
,
𝑑𝑡
prj(x, z, t) is the echo-graphic response of the pressure field emitted by the jth source.
𝑝𝑟𝑗 (𝑥, 𝑧, 𝑡) = 𝜌𝑓

(11)

2.2. Numerical implementation
MATLAB programs have been developed to model the acoustic field in presence of a wateraluminium interface using Rayleigh integral method.
The waveform over the active surface of the source is represented by the excitation signal f(t), (figure
2), which is a pulse whose center frequency is 𝑓 =1 MHz defined by:
(12)
𝑓(𝑡) = 𝐴 cos[2𝜋𝑓(𝑡 − 𝑡0 )] exp{−(𝑡 − 𝑡0 )2 ⁄𝐵}.
The propagation medium is water, characterized by an acoustic velocity cf = 1485 ms-1 and whose
density is 𝜌𝑓 = 103 kg/m3 . The solid is aluminum for which the velocities of the longitudinal and
transverse waves are respectively: cL = 6420 ms-1, cT = 3110 ms-1 and whose density is 𝜌𝑠 =
2.7 ⋅ 103 kg/m3 .

3
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Figure 2. Time waveform 𝑝(0, 𝑡) and its time Fourier transform. Frequency f = 1 MHz, B = 5 10-13 s2
and 𝑡0 = 16 µs.
3. Discussion
3.1. Obtained results
In order to explain the different kind of contribution to the echo-graphic response, the characteristics
of the wave emitted by a cylindrical transducer [8] is used. The field emitted forward by the source is
the superposition of two contributions: the direct wave emanating from the front face of the source and
the edge waves from the edge of the source. When these contributions arrive at the solid surface, they
are reflected and transmitted (figure A1 – A2).
Considering that, during the propagating time, the circular edge waves sweep over the solid surface.
The reflection phenomenon can be described by simply considering an incident wave emerging from
the edge of the multi-element source and having an incidence angle varying with time.
Figure 3 (a) represents the pressure received by the 64th element of multi-element transducer,
located at the middle of the phased array transducer. In this case the first impulse corresponds to the
superposition between the reflected direct wave and the longitudinal head wave followed by the
superposition between the leaky Rayleigh wave (RW) and the reflected edge waves (REW). In this
case the reflected direct wave is due to the reflection of the direct wave by the aluminum surface,
which arrives to the 64th element of phased array transducer. The leaky Rayleigh wave (RW) is due to
the conversion of the direct wave, incident at Rayleigh incidence angle (𝜃 = 30.65°), into a surface
wave which propagates at the velocity 𝑐𝑅 = 2917 ms−1 over the solid surface.
Figure 3 (b) represents the reflected wave, received by the elements from 62th to 66th of phased
array transducer. This signal is obtained by a simple summation of the received pressure by the
elements 62th to 66th. The first wave corresponds to the interference between the reflected direct wave
and the longitudinal head wave. The next wave corresponds to the interference between the leaky
Rayleigh wave (RW) and the reflected edge waves (REW). It is worth noting that the amplitude of the
reflected direct wave (RDW) is significant compared to the other contributions (REW, RW and LW).
tRDW
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Figure 3. Representation of the wave (Arbitrary units) received by the transducer. Number of
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elements N = 128, Width 2 a = 0.27 mm, pitch of the elements d = 0.3 mm, f = 2.5 MHz, plane
interface ze = 10 mm, Focal point 𝐹(𝑥𝑓 = 0, 𝑧𝑓 = 30𝑚𝑚). (a) Wave field received by the 64th element
of the multi-element source, (b) Wave field received by the elements from 62 to 66 of the multielement source.
Figure 4 represents the pressure wave fronts at different instant times. At the time t = 2.68 µs
(figure 4 (a)) the presence of the longitudinal bulk waves (DW and EW) is observed. The different
wave fronts are focused on the field point 𝐹(𝑥 = 0 𝑚𝑚, 𝑧 = 20 𝑚𝑚) from the multi-element source.
After reflection, 𝑡 = 12.19 µ𝑠 (figure 4 (b)), the presence of the wave front (RDW) and the wave
fronts (REW) are noticed. These waves are due to the specular reflection of the direct and edge waves
at water solid interface. It is also noted the presence of weak amplitude waves identified by the leaky
Rayleigh wave (RW) and the longitudinal head wave (LW) (figure 4 (b)). These waves are
characterized by a linear wave front propagating in the direction 𝜃 = ±30.65° in the case of the
Rayleigh wave (RW) and in the direction 𝜃 = ±13.39° in the case of the longitudinal head wave
(LW). Inside the radiated zone, the non-specular contributions are due to the non-specular reflection of
the direct wave arriving onto the interface with critical incidence angles. Outside the radiated zone, the
non-specular contributions are due to the non-specular reflection of the edge wave arriving onto the
interface with critical incidence angles. Furthermore, the energy converted to the longitudinal head
wave is weaker than that converted to the leaky Rayleigh wave.
t = 12.19 µs

t = 2.68 µs

0

0

EW
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EW

10
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Figures 4. Representation of the wave field p(x, z) before and after reflection by the water aluminium
interface. Transducer parameter (N = 128, 2a = 0.13 mm, d = 0.15 mm, f = 2.5 MHz), ze = 10 mm,
𝐹(𝑥𝑓 = 0, 𝑧𝑓 = 30 𝑚𝑚). (a) Before reflection t = 2.68 µs, (b) After reflection t = 12.19 µs.
3.2. Comparison with finite element method
Finite element method has been used for comparison purposes by using a finite element package [8, 22
- 23].
The choice of the finite element method mesh must be able to reproduce the propagation and the
reflection of the elastic wave. The spatial and time steps Δ𝑥, Δ𝑧 and Δ𝑡 verify the conditions:
min(Δ𝑥, Δ𝑧)
and
(13)
max(Δ𝑥, Δ𝑧) < 𝜆𝑚𝑖𝑛 ⁄10
Δ𝑡 < 0.7
,
𝑐𝐿
where 𝜆𝑚𝑖𝑛 is the smallest wavelength associated to the maximum frequency spectrum. The used time
discretization step is ∆𝑡 = 0.015µ𝑠.
The incident and reflected pressure fields are computed by the finite element model in the presence
of the water aluminum plane interface, the obtained results are shown in figure 5. The results put in
evidence the bulk waves (Figure 5 (a)). After reflection, at the instant time 𝑡 = 13.60 µ𝑠, the different
waves are reflected and generate the reflected bulk wave (RDW and REW) and the surface waves
which radiate in water (RW and LW).
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Figure 5. Representation of the wave field p(x, z) before and after reflection by the water aluminium
interface. Transducer parameter (N = 128, 2a = 0.2 mm, d = 0.25 mm, f = 2.5 MHz), ze = 10 mm,
𝐹(𝑥𝑓 = 0, 𝑧𝑓 = 20𝑚𝑚). (a) Before reflection t = 6.72 µs, (b) After reflection t = 13.60 µs.
These contributions are identified by a linear wave front propagating in the direction 𝜃 = 13.39° in
the longitudinal head wave (LW) case and the direction 𝜃 = 30.65° in the leaky Rayleigh (RW) case
(Figure 5 (b)).
At the frequency 𝑓 = 2.5 𝑀𝐻𝑧 and for the element number 𝑁 = 128, the computing time is 691.80
s with the finite element method and 126.20 s with the Rayleigh integral method, respectively in a
computer with an Intel Pentium Core (TM) i7 2.4 GHz processor.
4. Conclusion
Rayleigh integral method is used to model the ultrasonic wave generated by multi-element linear
transducer in front of the water-aluminum interface. This semi analytical model considers the radiation,
the specular and non-specular reflection. One major advantage of this method is to use the expression
of the reflection coefficient, which reduces the computing time. One other advantage of the Rayleigh
integral method is its capability of modeling critical reflection phenomenon.
The computed results show the advantage provided by the linear array transducer in the acoustic
microscopy application.
The obtained results agree with those computed with the finite element method.
The method can be extended to the case of more complex transducers or more complex structure.
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Figure A1. Paths of the reflected Bulk wave
contributions.

Figure A2. Paths of the Leaky wave
contributions.

Table 1. The calculation of the arrival times of the reflected waves are detailed in [8].
Bulk reflected waves (Figure A1)
𝑑1 + 𝑑2
𝑡𝑅𝐷𝑊 =
𝑐𝑓
𝑡𝑅𝐸𝑊 = (

√(𝑧𝑒 − 𝑧)2 + 𝑥12
√𝑧𝑒 2 + 𝑥22
)+(
)
𝑐𝑓
𝑐𝑓

Leaky surface waves (Figure A2)
𝑑1𝑅 𝑑2𝑅 𝑥𝑅
𝑡𝑅𝑊 = (
+
+ )
𝑐𝑓
𝑐𝑓
𝑐𝑅
𝑑1𝐿 𝑑3𝐿 𝑥2𝐿
𝑡𝐿𝑊 =
+
+
𝑐𝑓
𝑐𝑓
𝑐𝐿
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